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Abstract: Topic modeling is a widely utilized tool in text analysis. We investigate the optimal rate
for estimating a topic model. Specifically, we consider a scenario with #n documents, a vocabulary of
size p, and document lengths at the order N. When N > c - p, referred to as the long-document case,
the optimal rate is established in the literature at \/p/(Nn). However, when N = o(p), referred to
as the short-document case, the optimal rate remains unknown. In this paper, we first provide new
entry-wise large-deviation bounds for the empirical singular vectors of a topic model. We then apply
these bounds to improve the error rate of a spectral algorithm, Topic-SCORE. Finally, by comparing
the improved error rate with the minimax lower bound, we conclude that the optimal rate is still
\/p/(Nn) in the short-document case.
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1. Introduction

In today’s world, an immense volume of text data is generated in scientific research
and in our daily lives. This includes research publications, news articles, posts on social
media, electronic health records, and many more. Among the various statistical text models,
the topic model [1,2] stands out as one of the most widely used. Given a corpus consisting
of n documents written on a vocabulary of p words, let X = [X1, X3, ..., X,| € RP*" be the
word-document-count matrix, where X;() is the count of the jth word in the ith document,
forl1 <i<mand1l <j<p. Let Ay, Ay, ..., Ax € R? be probability mass functions (PMFs).
We call each Ay a topic vector, which represents a particular distribution over words in
the vocabulary. For each 1 < i < 7, let N; denote the length of the ith document, and let
w; € RX be a weight vector, where w; (k) is the fractional weight this document puts on the
kth topic, for 1 < k < K. In a topic model, the columns of X are independently generated,
where the ith column satisfies:

K
with ) = Y w;(k)Ay. (1)
k=1

X; ~ Multinomial(Nj, d?),

Here d) € R? is the population word frequency vector for the ith document, which admits
a convex combination of the K topic vectors. The N; words in this document are sampled
with replacement from the vocabulary using probabilities in d?; as a result, the word counts
follow a multinomial distribution. Under this model, E[X] is a rank-K matrix. The statistical
problem of interest is using X to estimate the two parameter matrices A = [A1, Ay, ..., Ak]
and W = [wq, wy, ..., Wyl

Since the topic model implies a low-rank structure behind the data matrix, spectral
algorithms [3] have been developed for topic model estimation. Topic-SCORE [4] is the
first spectral algorithm in the literature. It conducts singular value decomposition (SVD) on
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a properly normalized version of X, then uses the first K left singular vectors to estimate
A, and finally uses A to estimate W by weighted least-squares. Ref. [4] showed that the
error rate on A is \/p/(nN) up to a logarithmic factor, where N is the order of document
lengths. It matches with the minimax lower bound [4] when N > ¢ - p for a constant ¢ > 0,
referred to as the long-document case. However, there are many application scenarios with
N = o(p), referred to as the short-document case. For example, if we consider a corpus
consisting of abstracts of academic publications (e.g., see [3]), N is usually between 100
and 200, but p can be a few thousands or even larger. In this short-document case, ref. [4]
observed a gap between the minimax lower bound and the error rate of Topic-SCORE. They
posted the following questions: Is the optimal rate still \/p/(N#n) in the short-document
case? If so, can spectral algorithms still achieve this rate?

In this paper, we give answers to these questions. We discovered that the gap between
the minimax lower bound and the error rate of Topic-SCORE in the short-document case
came from the unsatisfactory entry-wise large-deviation bounds for the empirical singular
vectors. While the analysis in [4] is effective for long documents, there is considerable room
for improvement in the short-document case. We use new analysis to obtain much better
large-deviation bounds when N = o(p). Our strategy includes two main components: one
is an improved non-stochastic perturbation bound for SVD allowing severe heterogeneity
in the population singular vectors, and the other is leveraging a decoupling inequality [5]
to control the spectral norm of a random matrix with centered multinomial-distributed
columns. These new ideas allow us to obtain satisfactory entry-wise large-deviation bounds
for empirical singular vectors across the entire regime of N > log3 (n). Asa consequence,
we are able to significantly improve the error rate of Topic-SCORE in the short-document
case. This answers the two questions posted by [4]: The optimal rate is still /p/(Nn) in
the short-document case, and Topic-SCORE still achieves this optimal rate.

Additionally, inspired by our analysis, we have made a modification to Topic-SCORE
to better incorporate document lengths. We also extend the asymptotic setting in [4] to a
weak-signal regime allowing the K topic vectors to be extremely similar to each other.

1.1. Related Literature

Many topic modeling algorithms have been proposed in the literature, such as LDA [2],
the separable NMF approach [6,7], the method in [8] that uses a low-rank approximation
to the original data matrix, Topic-SCORE [4], and LOVE [9]. Theoretical guarantees were
derived for these methods, but unfortunately, most of them had non-optimal rates even
when N > ¢ - p. Topic-SCORE and LOVE are the two that achieve the optimal rate when
N > ¢ - p. However, LOVE has no theoretical guarantee when N = o(p); Topic-SCORE has
a theoretical guarantee across the entire regime, but the rate obtained by [4] is non-optimal
when N = o(p). Therefore, our results address a critical gap in the existing literature by
determining the optimal rate for the short-document case for the first time.

Entry-wise eigenvector analysis [10-15] provides large-deviation bounds or higher-
order expansions for individual entries of the leading eigenvectors of a random matrix.
There are two types of random matrices, i.e., the Wigner type (e.g., in network data
and pairwise comparison data) and the Wishart type (e.g., in factor models and spiked
covariance models [16]). The random matrices in topic models are the Wishart type, and
hence, techniques for the Wigner type, such as the leave-one-out approach [15], are not a
good fit. We cannot easily extend the techniques [11,14] for spiked covariance models either.
One reason is that the multinomial distribution has heavier-than-Gaussian tails (especially
for short documents), and using the existing techniques only give non-sharp bounds.
Another reason is the severe word frequency heterogeneity [17] in natural languages, which
calls for bounds whose orders are different for different entries of an eigenvector. Our
analysis overcomes these challenges.
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1.2. Organization and Notations

The rest of this paper is organized as follows. Section 2 presents our main results about
entry-wise eigenvector analysis for topic models. Section 3 applies these results to obtain
improved error bounds for the Topic-SCORE algorithm and determine the optimal rate in
the short-document case. Section 4 describes the main technical components, along with a
proof sketch. Section 5 concludes the paper with discussions. The proofs of all theorems
are relegated to the Appendices A-E.

Throughout this paper, for a matrix B, let B(i, j) or B;; represent the (i, j)-th entry. We
denote ||B|| as its operator norm and ||B||2—,c as the 2-to-co norm, which is the maximum
0> norm across all rows of B. For a vector b, b(i) or b; represents the i-th component. We
denote ||b||; and ||b|| as the ¢; and ¢, norms of b, respectively. The vector 1, stands for
an all-one vector of dimension n. Unless specified otherwise, {e1, e, ..., ep} denotes the
standard basis of R?. Furthermore, we write a, > b, or b, < ay, if b,/a, = o(1) for
an, by > 0; and we denote a, =< b, if C"1b,, < a,, < Cb, for some constant C > 1.

2. Entry-Wise Eigenvector Analysis for Topic Models

Let X € RP*" be the word-count matrix following the topic model in (1). We introduce
the empirical frequency matrix D = [dy,dy, ..., d,| € RP*", defined by:

di(j) = N7'X(j), 1<i<n1<j<p. )

Under the model in (1), we have E[d;] = d? = Zle w; (k) Ag. Write Dy = [d9,d3,...,dJ] €
RP*™ Tt follows that:
ED = Dy = AW.

We observe that Dy is a rank-K matrix; furthermore, the linear space spanned by the first
K left singular vectors of Dy is the same as the column space of A. Ref. [4] discovered
that there is a low-dimensional simplex structure that explicitly connects the first K left
singular vectors of Dy with the target topic matrix A. This inspired SVD-based methods for
estimating A.

However, if one directly conducts SVD on D, the empirical singular vectors can be
noisy because of severe word frequency heterogeneity in natural languages [17]. In what
follows, we first introduce a normalization on D in Section 2.1 to handle word frequency
heterogeneity and then derive entry-wise large-deviation bounds for the empirical singular
vectors in Section 2.2.

2.1. A Normalized Data Matrix

We first explain why it is inappropriate to conduct SVDon D. Let N = n =1 Y | N; de-
note the average document length. Write D = AW + Z, with Z = [z1,2,...,2,4| := D —ED.
The singular vectors of D are the same as the eigenvectors of DD’ = AWW'A’ + AWZ' +
ZW'A" + ZZ7'. By model (1), the columns of Z are centered multinomial-distributed ran-
dom vectors; moreover, using the covariance matrix formula for multinomial distributions,
we have E[z;z/] = N, [diag(d?) — d?(d?)"]. It follows that:

n
E[DD'] = AWW' A’ + Y N; ! [diag(d?) — d?(d?)']
i=1

n n
=AWW' A’ + diag( Nild?) - A (Z Nilwiw;> Al
i=1 i=1
"N —1 n "N
=n-A T ot ) AN+ = di 0 )
n <1_21 N, wzwl) + N diag (1; 7N; d,) 3)
EZW EMO

Here AYy A’ is a rank-K matrix whose eigen-space is the same as the column span of A.
However, because of the diagonal matrix M), the eigen-space of E[DD’] is no longer the
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same as the column span of A. We notice that the jth diagonal of My captures the overall
frequency of the jth word across the whole corpus. Hence, this is an issue caused by word
frequency heterogeneity. The second term in (3) is larger when N is smaller. This implies
that the issue becomes more severe for short documents.

To resolve this issue, we consider a normalization of D to M, 12D 1t follows that:

~1/2 ~1/2 ~1/2 —1/2 1
E[M, ?DD'My V%) = n- My 2 Axw A’ My V% + 5l (4)
Now, the second term is proportional to an identify matrix and no longer affects the eigen-
space. Furthermore, the eigen-space of the first term is the column span of M, 124, and
hence, we can use the eigenvectors to recover M, 1727 (then A is immediately known). In
practice, My is not observed, so we replace it by its empirical version:

M= diag< i nNN-di) (5)

i=1 Vi

We propose to normalize D to M~1/2D before conducting SVD. Later, the singular vectors
of M~/2D will be used in Topic-SCORE to estimate A (see Section 3).

This normalization is similar to the pre-SVD normalization in [4] but not exactly the
same. Inspired by analyzing a special case where N; = N, ref. [4] proposed to normalize
D to M~'/2D, where M = diag(n~' Y%, d;). They continued using M in general settings,
but we discover here that the adjustment of M to M is necessary when Nj’s are unequal.

Remark 1. For extremely low-frequency words, the corresponding diagonal entries of M are very
small. This causes an issue when we normalize D to M~1/2D. Fortunately, such an issue disappears
if we pre-process data. As a standard pre-processing step for topic modeling, we either remove those
extremely low-frequency words or combine all of them into a single “meta-word”. We recommend
the latter approach. In detail, let £ C {1,2,...,p} be the set of words such that M(j, j) is below a
proper threshold t,, (e.g., t,, can be 0.05 times the average of diagonal entries of M). We then sum
up all rows of D with indices in L to a single row. Let D* € RWP—IEIH)X1 pe the processed data
matrix. The matrix D* still has a topic model structure, where each new topic vector results from a
similar row combination on the corresponding original topic vector.

Remark 2. The normalization of D to M~1/2D is reminiscent of the Laplacian normalization in
network data analysis, but the motivation is very different. In many network models, the adjacency
matrix satisfies that B = By + Y, where By is a low-rank matrix and Y is a generalized Wigner
matrix. Since E[Y] is a zero matrix, the eigen-space of EB is the same as that of By. Hence, the role
of the Laplacian normalization is not correcting the eigen-space but adjusting the signal-to-noise
ratio [15]. In contrast, our normalization here aims to turn B[ZZ'] into an identity matrix (plus a
small matrix that can be absorbed into the low-rank part). We need such a normalization even under
moderate word frequency heterogeneity (i.e., the frequencies of all words are at the same order).

2.2. Entry-Wise Singular Analysis for M—1/2D

Foreach1l < k <K, let (fk € RP denote the kth left singular vector of M~12D. Recall
that Dy = ED. In addition, define:

o — i = N
My :=EM = d1ag<i§ nNidi>' (6)

Then, My 12Dy is a population counterpart of M~1/2D. However, the singular vectors of
My /2Dy are not the population counterpart of &’s. In light of (4), we define:

Ck : the kth eigenvector of Mal/zE[DD']Mal/z, 1<k<K. (7)
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Write & := [&, - ,éx] and E := [&, - - -, &k]. We aim to derive a large-deviation bound
for each individual row of (£ — E), subject to a column rotation of =.
We need a few assumptions. Let i; = YK | Ac(j) for 1 < j < p. Define:

hg 3

1 n
H = diag(hy,- -+ ,hy), Zpo=AH'A,  Zy= - Y 1 - NHwwj.  (8)
i=1

Here X 4 and Xy are called the topic-topic overlapping matrix and the topic-topic concur-
rence matrix, respectively, [4]. It is easy to see that Xy is properly scaled. We remark that
¥, is also properly scaled, because Y& | ¥4 (k, ¢) = 2;7:1 YKk, h],_lAk (HA(j) =1.

Assumption 1. Let hmax = maxj<j<p lj, hmin = miny<j<p hj and h = % Z;;l h;. We assume:

hmin > c1h = 1K/ p, for a constant ¢ € (0,1).
Assumption 2. For a constant c; € (0,1) and a sequence B, € (0,1), we assume:

Amin(Zw) > c2, Amin(Z4) > c2Bn, 15{}1&1( Za(k l) > co.

Assumption 1 is related to word frequency heterogeneity. Each /1 captures the overall
frequency of word j,and 1 = p~! Yihi= p~ 1Y« | Akll1 = K/p. By Remark 1, all extremely
low-frequency words have been combined in pre-processing. It is reasonable to assume
that /1y, is at the same order of i. Meanwhile, we put no restrictions here on fmay, so that
hy’s can still be at different orders.

Assumption 2 is about topic weight balance and between-topic similarity. Xy can be
regarded as an affinity matrix of w;’s. It is mild to assume that Xy is well-conditioned. In
a special case where N; = N and each w; is degenerate, Xy is a diagonal matrix whose
kth diagonal entry is the fraction of documents that put all weights on topic k; hence,
Amin(Zw) > ¢y is interpreted as “topic weight balance”. Regarding Y. 4, we have seen that it
is properly scaled (its maximum eigenvalue is at the constant order). When K topic vectors
are exactly the same, Apmin (X4) = 0; when the topic vectors are not the same, Apin(X4) # 0,
and it measures the signal strength. Ref. [4] assumed that Apin(X4) is bounded below
by a constant, but we allow weaker signals by allowing Amin (2 4) to diminish as n — co.
We also require a lower bound on X 4 (k, £), meaning that there should be certain overlaps
between any two topics. This is reasonable as some commonly used words are not exclusive
to any one topic and tend to occur frequently [4].

The last assumption is about the vocabulary size and document lengths.

Assumption 3. There exists N > 1 and a constant c3 € (0,1) such that csN < N; < cgleor
all 1 <i < n. In addition, for an arbitrary constant Cy > O:

min{p, N} > log®(n), max{log(p),log(N)} < Colog(n), plog?(n)<Nnp2.

In Assumption 3, the first two inequalities restrict that N and p are between log® (1)
and n%0, for an arbitrary constant Cy > 0. This covers a wide regime, including the scenarios
of both long documents (N > ¢ - p) and short documents (N = o(p)). The third inequality is
needed so that the canonical angles between the empirical and population singular spaces
converge to zero, which is necessary for our singular vector analysis. This condition is mild,
as Nn is the order of total word count in the corpus, which is often much larger than p.

With these assumptions, we now present our main theorem.

Theorem 1 (Entry-wise singular vector analysis). Fix K > 2 and positive constants c1,c3, c3,
and Cy. Under the model (1), suppose Assumptions 1-3 hold. For any constant Cy > 0, there exists
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Cy > 0 such that with probability 1 — n=1, there is an orthogonal matrix O € RK*K satisfying
that simultaneously for 1 < j < p:

. hiplog(n)
HE - B0 < L=
(& —20") < &y [ Lo

The constant Cy only depends on Cy and (K, c1,¢2, ¢3, Cp).

In Theorem 1, we do not assume any gap among the K singular values of M 12Dy,
hence, it is only possible to recover & up to a column rotation O. The sin-theta theorem [18]
enables us to bound |2 — E0'||%2 = Zle He}(@ — E0')||?, but it is insufficient for analyzing
spectral algorithms for topic modeling (see Section 3). We need a bound for each individual
row of (£ — E0’), and this bound should depend on h; properly.

We compare Theorem 1 with the result in [4]. They assumed that §;;! = O(1), so their
results are only for the strong-signal regime. They showed that when # is sufficiently large:

2

=T . fp P hjplog(n)
le(& - 200 = C(1+minf B, P} )42 8, ©)

When N > ¢ - p (long documents), it is the same bound as in Theorem 1 (with 8, = 1).
However, when N = o(p) (short documents), it is strictly worse than Theorem 1. We obtain
better bounds than those in [4] because of new proof ideas, especially the use of refined
perturbation analysis for SVD and a decoupling technique for U-statistics (see Section 4.2).

3. Improved Rates for Topic Modeling

We apply the results in Section 2 to improve the error rates of topic modeling. Topic-
SCORE [4] is a spectral algorithm for estimating the topic matrix A. It achieves the optimal
rate in the long-document case (N > ¢ - p). However, in the short-document case (N = o(p)),
the known rate of Topic-SCORE does not match with the minimax lower bound. We address
this gap by providing better error bounds for Topic-SCORE. Our results reveal the optimal
rate for topic modeling in the short-document case for the first time.

3.1. The Topic-Score Algorithm

Let &,&,..., &k be as in Section 2. Topic-SCORE first obtains word embeddings
from these singular vectors. Note that M~!/2D is a non-negative matrix. By Perron’s
theorem [19], under mild conditions, &; is a strictly positive vector. Define R € RP*(K=1) by:

R(G, k) =Ea() /&), 1<j<pl1<k<K-1 (10)

Let ,7,..., f’; denote the rows of R. Then, #jis a (K — 1)-dimensional embedding of the
jth word in the vocabulary. This is known as the SCORE embedding [20,21], which is now
widely used in analyzing heterogeneous network and text data.

Ref. [4] discovered that there is a simplex structure associated with these word em-
beddings. Specifically, let ¢1,¢2, ..., Ck be the same as in (7) and define the population
counterpart of R as R, where:

R(GK) = & (/) 1<j<pl<k<K-1L a1

Letr|,15,..., r;, denote the rows of R. All these r; are contained in a simplex S C RK-1
that has K vertices vy, v, ..., vk (see Figure 1). If the jth word is an anchor word [6,22] (an
anchor word of topic k satisfies that A (j) # 0 and Ay(j) = 0 for all other £ # k), then r; is
located at one of the vertices. Therefore, as long as each topic has at least one anchor word,
we can apply a vertex hunting [4] algorithm to recover the K vertices of S. By definition of
a simplex, each point inside S can be written uniquely as a convex combination of the K
vertices, and the K-dimensional vector consisting of the convex combination coefficients is
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called the barycentric coordinate. After recovering the vertices of S, we can easily compute
the barycentric coordinate 7; € RK for each rj. Write I = [mt1, T2, . . ., np]’ . Ref. [4]
showed that:

Ar o« My ?diag(é)Tle, 1<k<K.

Therefore, we can recover A by taking the kth column of Mé/ 2diag(¢; )1 and re-normalizing
it to have a unit £!-norm. This gives the main idea behind Topic-SCORE (see Figure 1).

barycentric coordinate I

Figure 1. An illustration of Topic-SCORE in the noiseless case (K = 3). The blue dots are r; € RX~!
(word embeddings constructed from the population singular vectors), and they are contained in a
simplex with K vertices. This simplex can be recovered from a vertex hunting algorithm. Given this
simplex, each ri has a unique barycentric coordinate Tj € RK. The topic matrix A is recovered from
stacking together these 7;’s and utilizing My and &;.

The full algorithm is given in Algorithm 1. It requires plugging in a vertex hunting
(VH) algorithm. A VH algorithm aims to estimate vy, vy, ..., vk from the noisy point cloud
{?j}1§j§p. There are many existing VH algorithms (see sec 3.4 of [21]). A VH algorithm is
said to be efficient if it satisfies that maxj<x<x ||k — vk|| < Cmaxq<j<, [|?; — 7] (subject to
a permutation of 91,7, ..., 0x). We always plug in an efficient VH algorithm, such as the
successive projection algorithm [23], the pp-SPA algorithm [24], and several algorithms in
sec 3.4 of [21].

Algorithm 1 Topic-SCORE
Input: D, K, and a vertex hunting (VH) algorithm.

*  (Word embedding) Let M be as in (5). Obtain &,&, -, &, the first K left singular
vectors of M~1/2D. Compute R as in (10) and write R = [f1, 7o, -+, 7p]'.

o (Vertex hunting). Apply the VH algorithm on {#;}1<j<, to get 91, - - - , 0.

*  (Topic matrix estimation) For 1 < j < p, solve f(]* from:

( 1 ... 1 ) . < 1 )

" A= . )

01 ... Uk ] Fi

Let 7 = max{7},0} (the maximum is taken component-wise) and 7; = 77 /|72 1.

Write IT = [#;,..., 7). Let A = M'/2diag(¢;)IT. Obtain A = Aldiag(1),A)] 1.
Output: the estimated topic matrix A.

Additionally, after A is obtained, ref. [4] suggested to estimate wq, wy, ..., w, as
follows. We first run a weighted least-squares to obtain @ :

] = argmingcg|[M7V2(di — Aw))|?, 1<i<n (12)

Then, set all the negative entries of z?;l* to zero and re-normalize the vector to have a unit
(!-norm. The resulting vector is @;.

Remark 3. In real-world applications, both n and p can be very large. However, since R is
constructed from only a few singular vectors, its rows are only in dimension (K — 1). It suggests
that Topic-SCORE leverages a ‘low-dimensional” simplex structure and is scalable to large datasets.
When K is bounded, the complexity of Topic-SCORE is at most O(np min{n, p}) [4]. The real
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computing time was also reported in [4] for various values of (n, p). For example, when both n and
p are a few thousands, it takes only a few seconds to run Topic-SCORE.

3.2. The Improved Rates for Estimating A and W

We provide the error rates of Topic-SCORE. First, we study the word embeddings
#;. By (10), #; is constructed from the jth row of E. Therefore, we can apply Theorem 1 to
derive a large-deviation bound for ;.

Without loss of generality, we set C; = 4 henceforth, transforming the event probability
1 —n~% in Theorem 1 to 1 — o(n~3). We also use C to denote a generic constant, whose
meaning may change from one occurrence to another. In all instances, C depends sorely on
K and the constants (cy, ¢z, ¢3,Cp) in Assumptions 1-3.

Theorem 2 (Word embeddings). Under the setting of Theorem 1, with probability 1 — o(n=3),
there exists an orthogonal matrix () € RE-Dx(K=1) gych that simultaneously for 1 < j < p:

R plog(n)
HT]'*QT]'H SC nN‘B% .

Next, we study the error of A. The ¢!-estimation erroris £(A, A) := YX_ || Ay — Agll1,
subject to an arbitrary column permutation of A. For ease of notation, we do not explicitly
denote this permutation in theorem statements, but it is accounted for in the proofs. For
eachl <j<p,let ﬁ} € Rfand a} € RX denote the jth row of A and A, respectively. We can

re-write the ¢!-estimation error as £(A, A) = Zle la; — aj|l1- The next theorem provides

an error bound for each individual 4;, and the aggregation of these bounds yields an overall
bound for L(A, A):

Theorem 3 (Estimation of A). Under the setting of Theorem 1, we additionally assume that each
topic has at least one anchor word. With probability 1 — o(n=3), simultaneously for 1 < j < p:

- plog(n)
18; = ajlly < llajlh - €\ /5 G

Furthermore, with probability 1 — o(n~3), the £'-estimation error satisfies that:

7 plog(n)
A A) < c, B8V
L4 4)=C nNp2

Theorem 3 improves the result in [4] in two aspects. First, [4] assumed S;; 1'=0(1),s0
their results did not allow for weak signals. Second, even when B, ! = O(1), their bound is
worse than ours by a factor similar to that in (9).

Finally, we have the error bound for estimating w;’s using the estimator in (12).

Theorem 4 (Estimation of W). Under the setting of Theorem 3, with probability 1 — o(n=3),
subject to a column permutation of W:

. _ | plog(n) [log(n)
il < 1 plog _

In Theorem 4, there are two terms in the error bound of @;. The first term comes from
the estimation error in A, and the second term is from noise in d;. In the strong-signal case
of ;1 = O(1), we can compare Theorem 4 with the bound for @; in [4]. The bound there
also has two terms: its second term is similar to ours, but its first term is strictly worse.
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3.3. Connections and Comparisons

There have been numerous results about the error rates of estimating A and W. For
example, ref. [6] provided the first explicit theoretical guarantees for topic modeling,
but they did not study the statistical optimality of their method. Recently, the statistical
literature aimed to understand the fundamental limits of topic modeling. Assuming
B! = O(1), refs. [4,9] gave a minimax lower bound, \/p/(Nn), for the rate of estimating
A, and refs. [25,26] gave a minimax lower bound, 1/ VN, for estimating each w;.

For estimating A, when B, ! = O(1), the existing theoretical results are summarized
in Table 1. Ours is the only one that matches the minimax lower bound across the entire
regime. In the long-document case (N > c - p, Cases 1-2 in Table 1), the error rates in [4,9]
together have matched the lower bound, concluding that \/p/(Nn) is indeed the optimal
rate. However, in the short-document case (N = o(p), Case 3 in Table 1), there was a
gap between the lower bound and the existing error rates. Our result addresses the gap
and concludes that \/p/(Nn) is still the optimal rate. When f,, = 0(1), the error rates of
estimating A were rarely studied. We conjecture that /p/(Nnp2) is the optimal rate, and
the Topic-SCORE algorithm is still rate-optimal.

Table 1. A summary of the existing theoretical results for estimating A (n is the number of documents,
p is the vocabulary size, N is the order of document lengths, and fimax and hipyn are the same as in (8)).
Cases 1-3 refer to N > p4/ 3, p<N< p4/ 3, and N < p, respectively. For Cases 2-3, the sub-cases ‘a’
and ‘b’ correspond to 1 > max{Np?, p3, N?p°} and n < max{Np?, p3, N?p®}, respectively. We have
translated the results in each paper to the bounds on E(A, A), with any logarithmic factor omitted.

Case 1 Case 2a Case 2b Case 3a Case 3b
Ke & Wang [4] A \/% N’\];ﬁ i 2/ NT;N =z
Arora et al. [6] \/;:]7 \/7;37 \/7;\4]7 \/I’% \/%
Bing et al. [9] o er:e:: & Z:: \/% ) Z:: NA NA
Bansal et al. [8] N\/g N % N\/E N\/g N\/g
P p

Our results \/ Nu % \/ % \ Nu %

We emphasize that our rate is not affected by severe word frequency heterogeneity.
As long as hmin/h is lower bounded by a constant (see Assumption 1 and explanations
therein), our rate is always the same, regardless of the magnitude of /imax. In contrast,
the error rate in [9] is sensitive to word frequency heterogeneity, with an extra factor of
hmax/ hmin that can be as large as p. There are two reasons that enable us to achieve a flat
rate even under severe word frequency heterogeneity: one is the proper normalization of
data matrix, as described in Section 2.1, and the other is the careful analysis of empirical
singular vectors (see Section 4).

For estimating W, when B,,! = O(1), our error rate in Theorem 4 matches the minimax
lower bound if n > plog(n). Our approach to estimating W involves first obtaining A and
then regressing d; on A to derive ;. The condition n > plog(n) ensures that the estimation
error in A does not dominate the overall error. This condition is often met in scenarios
where a large number of documents can be collected, but the vocabulary size remains
relatively stable. However, if n < plog(n), a different approach is necessary, requiring the
estimation of W first. This involves using the right singular vectors of M~1/2D. While our
analysis has primarily focused on the left singular vectors, it can be extended to study the
right singular vectors as well.
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4. Proof Ideas

Our main result is Theorem 1, which provides entry-wise large-deviation bounds for
singular vectors of M—1/2D. Given this theorem, the proofs of Theorems 2—4 are similar to
those in [4] and thus relegated to the appendix. In this section, we focus on discussing the
proof techniques of Theorem 1.

4.1. Why the Leave-One-Out Technique Fails

Leave-one-out [13,15] is a common technique in entry-wise eigenvector analysis for a
Wigner-type random matrix B = By + Y € R"™*", where By is a symmetric non-stochastic
low-rank matrix and Y is a symmetric random matrix whose upper triangle consists of
independent mean-zero variables. One example of such matrices is the adjacency matrix of
a random graph generated from the block-model family [20].

However, our target here is the singular vectors of M—1/2D, which are the eigenvectors
of B:= M~/2DD’'M~1/2. This is a Wishart-type random matrix, whose upper triangular
entries are not independent. We may also construct a symmetric matrix:

0 M~Y2D
G .= <D’M1/2 . > ¢ RpEWx(pn),

The eigenvectors of G take the form iy = (5;(, i)', 1 < k < K, where & € R? and
fix € R" are the kth left and right singular vectors of M~1/2D, respectively. Unfortunately,
the upper triangle of G still contains dependent entries. Some dependence is from the
normalization matrix M. It may be addressed by using the techniques developed by [15]
in studying graph Laplacian matrices. A more severe issue is the dependence among
entries in D. According to basic properties of multinomial distributions, D only has column
independence but no row independence. As a result, even after we replace M by M, the
jth row and column of G are still dependent of the remaining ones, foreach1 <j < p. In
conclusion, we cannot apply the leave-one-out technique on either B or G.

4.2. The Proof Structure in [4] and Why It Is Not Sharp for Short Documents

Our entry-wise eigenvector analysis primarily follows the proof structure in [4]. Recall
that & € R? is the kth left singular vector of M~1/2D. Define:

G:=MV2DD'M V- LI, Goi=n- M 2ATyA M. (13)

Since the identify matrix in G does not affect the eigenvectors, & is the kth eigenvector
of G. Additionally, it follows from (7) and (4) that &y is the kth eigenvector of Gy. By (4):

G — Gy =M"2DD'M~/2 — My V*E[DD'|M; V2. (14)

The entry-wise eigenvector analysis in [4] has two steps. Step 1: Non-stochastic
perturbation analysis. In this step, no distributional assumptions are made on G. The
analysis solely focuses on connecting the perturbation from E to Z with the perturbation
from Gy to G. They showed in Lemma F.1 [4]:

lej(

Step 2: Large-deviation analysis of G — Gy. In this step, ref. [4] derived the large-deviation
bounds for |G — Ggl| and He;(G — Gp)|| under the multinomial model (1). For example,

[xp

— 20| < Cl|Goll* (IEIIIG — Goll + VKI|€}(G = Go)l)- (15)

they showed in Lemma E.5 [4] that when n is properly large, with high probability:

16~ Goll < C(1+ N1 /p) /2B, 6
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However, when N = o(p) (short documents), neither step is sharp. In (15), the second
term He}(G — Gy) || was introduced as an upper bound for He;(G — Go)&||, but this bound is

too crude. In Section 4.3, we will conduct careful analysis of He}(G — Gp)Z&|| and introduce
a new perturbation bound which significantly improves (15). In (16), the spectral norm is
controlled via an e-net argument [27], which reduces the analysis to studying a quadratic
form of Z; ref. [4] analyzed this quadratic form by applying martingale Bernstein inequality.
Unfortunately, in the short-document case, it is hard to control the conditional variance
process of the underlying martingale. In Section 4.4, we address it by leveraging the matrix
Bernstein inequality [28] and the decoupling inequality [5,29] for U-statistics.

4.3. Non-Stochastic Perturbation Analysis

In this subsection, we abuse notations to use G and Gy to denote two arbitrary p x p
symmetric matrices, with rank(Gg) = K. For 1 < k < K, let A; and A be the kth largest
eigenvalue (in magnitude) of G and Gy, respectively, and let ¢, € R and ¢ € R” be the
associated eigenvectors. Write A= diag()Axl,/A\2, e, }\K), g = [51, &, ..., §K], and define A
and E similarly. Let U € RX*X and V € RK*K be such that its columns contain the left and
right singular vectors of Z'E, respectively. Define sgn(Z'Z) = U'V. For any matrix B and
q >0, let || B|j—c0 = max; ||e}B||4.

Lemma 1. Suppose |G — Go|| < (1 — co)|Ak/, for some co € (0,1). Consider an arbitrary p x p
diagonal matrix T = diag(y1,v2,...,7p), where:

vj > 0is an upper bound for [|e;Z[|[|G — Gol| + [|ej(G — Go)Z||.

IfIT"Y(G — Go)T|l1500 < (1 — c)|Ak], then for the orthogonal matrix O = sgn(&'&), it holds

simultaneously for 1 < j < p that:
lej(& — 20" < g Akl ™My

Since 7; is an upper bound for He;.’EH |G — Gol| + He}(G — Go)E||, we can interpret the
result in Lemma 1 as:

lej(& — 20" < ClAk|* (Ie/ZIH G — Goll + ll€j(G — Go)E]). (17)

Comparing (17) with (15), the second term has been reduced. Since E projects the vec-
tor e}(G — Gp) into a much lower dimension, we expect that He}(G - Go)E|| <« ||e;(G — Go)l
in many random models for G. In particular, this is true for the G and Gy defined in (13).
Hence, there is a significant improvement over the analysis in [4].

4.4. Large-Deviation Analysis of (G — Gy)

In this subsection, we focus on the specific G and Gy as defined in (13). The crux of
proving Theorem 1 lies in determining the upper bound 1; as defined in Lemma 1. This is
accomplished through the following lemma.

Lemma 2. Under the settings of Theorem 1, let G and Gy be as in (13). For any constant C; > 0,
there exists C3 > 0 such that with probability 1 — n=%1, simultaneously for 1 < j < p:

h]-nplog(n)'

nlog(n -
16— Goll < Cxy /P8I (6 — Gy < ca D

The constant Cz only depends on Cy and (K, c1,¢2,¢3,Co).
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We compare the bound for |G — G| in Lemma 2 with the one in [4] as summarized
in (16). There is a significant improvement when N < p2. This improvement primarily
stems from the application of a decoupling inequality for U-statistics, as elaborated below.

We outline the proof of the bound for |G — Gy||. Let Z = D — E[D] = [z1,22, ..., 2u]-
From (A24) and (A25) in Appendix A, G — Gy decomposes into the sum of four matrices,
where it is most subtle to bound the spectral norm of the fourth matrix:

Ey:= M, *(z7' —E[zZ'))M; V2.

Define X; = (M, /2 (M, /?2;)' —E[(My V/?2;) (M "/?z;)]. Ttis seen that Ey = Y X,
which is a sum of n independent matrices. We apply the matrix Bernstein inequality [28]
(Theorem A1) to obtain that if there exist b > 0 and ¢ > 0 such that ||X;|| < b almost surely
foralliand || 2/ EX?|| < ¢, then for every t > 0,

B0 = 1) <2pexe (- )

Determination of b and ¢ requires upper bounds for || X;|| and ||[EX?||. Since each X; is
equal to a rank-1 matrix minus its expectation, it reduces to deriving large-deviation bounds for
| My 1722.112. Note that each z; can be equivalently represented by z; = Nfl YN (T — ETp),
where {Tim}sj":l are iid. Multinomial (1,d?). It yields that ||M0_1/2:zl-||2 = I + 1, where
7, is a term that can be controlled using standard large-deviation inequalities, and:

Ti:=N7? Y (Timy — ETiw )My (Tim, — ETiy)-
1§m17ém2§Ni

The remaining question is how to bound |Z;|. We notice that Z; is a U-statistic with
degree 2. The decoupling inequality [5,29] is a useful tool for studying U-statistics.

Theorem 5 (A special decoupling inequality [29]). Let {X, })¥_, be a sequence of i.i.d. random
vectors in RY, and let { X, }N_, be an independent copy of { X }N_,. Suppose that h : R* — R
is a measurable function. Then, there exists a constant C4 > 0 independent of n, m, d such that for
all t > 0:

> t).

Let {T;, }51:1 be an independent copy of {Tj, }S{;l By Theorem 5, the large-deviation
bound of Z; can be inferred from the large-deviation bound of:

(| X h(Xn Xon)| 2 t) < CP(Ca| T 1(Xon, Kiy)

m#£m m#£mq

Ti==N72 Y (Timy — ETip) My (Timy — ETimy) -
1<my#my<N;

Using h(Tjy,, Timz) to denote the summand in the above sum, we have a decompo-
sition: Z; = Ni_2 Loy my H(Timys Timz) — Ni_2 Y "(Tim, Ti). The second term is a sum
of independent variables and can be controlled by standard large-deviation inequalities.
Hence, the analysis of fl reduces to the analysis of f{‘ = lez Yomymy h(T,'m], Timz)- We
re-write fl* as:

N; N; _ B
I; = N2y, with y:= Y MyV3(Ti —BTy), §:= Y My "/ *(Ti — ETp).
m=1 m=1
Since 7 is independent of y, we apply large-deviation inequalities twice. First, con-
ditional on 7, Z{ is a sum of N; independent variables (randomness comes from T;,,’s).
We apply the Bernstein inequality to get a large-deviation bound for Z;, which depends
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on a quantity o?(7). Next, since 0?(i) can also be written as a sum of N; independent
variables (randomness comes from T;;,’s), we apply the Bernstein inequality again to obtain
a large-deviation bound for ¢?(). Combining two steps gives the large-deviation bound

for fl*

Remark 4. The decoupling inequality is employed multiple times to study other U-statistics-type
quantities arising in our proof. For example, recall that (G — Gg) decomposes into the sum of four
matrices, and we have only discussed how to bound ||E4||. In the analysis of ||Ez|| and || E3||, we
need to bound other quadratic terms involving a sum over (i,m), with1 <i<nand1 <m < N;.
In that case, we need a more general decoupling inequality. We refer readers to Theorem A3 in
Appendix A for more details.

Remark 5. The analysis in [4] uses an e-net arqument [27] and the martingale Bernstein inequal-
ity [30] to study ||E4||. In our analysis, we use the matrix Bernstein inequality [28], instead of the
e-net arqument. The matrix Bernstein inequality enables us to tackle each quadratic term related to
each i separately instead of handling complicated quadratic terms involving summation over i and
m simultaneously. Additionally, we adopt the decoupling inequality for U-statistics [5,29], instead
of the martingale Bernstein inequality, to study all the quadratic terms arising in our analysis. The
decoupling inequality converts the tail anaysis of quadratic terms into tail analysis of (conditionally)
independent sums. It provides sharper bounds when the variables have heavy tails (which is the case
for the word counts in a topic model, especially when documents are short).

4.5. Proof Sketch of Theorem 1

We combine the non-stochastic perturbation result in Lemma 1 and the large-deviation
bounds in Lemma 2 to prove Theorem 1. By Lemma A2, [Ag| > C~!np,. It follows from
Weyl’s inequality, the first claim in Lemma 2, and the assumption of plog?(n) < Nnp? that
with probability 1 — n=C1:

Akl = (Al - [1 = O([log(n)]"/%)] = C "npy.

In addition, it can be shown (see Lemma A2) that || e;E | < Ch}/ 2, Combining this with

the two claims in Lemma 2 gives that with probability 1 — n~1:
= - hinplog(n)
I€/EII[|G — Goll + [|€}(G — Go)E|| < C JT 1,

We hope to apply Lemma 1. This requires obtaining a bound for [|T~1(G — Go)T[|1_;co-
Since T « H'/2, it suffices to study ||[H™1/?(G — Go)H'?||{_,0. Similar to the analysis
of He}(G — Gp)E||, we can show (see the proofs of Lemmas A5 and A6, such as (A58))
that [ef(G — Go)H'2|y < CN~V2[hjnplog(n)]}/? < C,/h;/log(n) - nP,, where the last
inequality is because of p logz(n) < Nn. We immediately have:

Cnpu _ _ |Ak|
Viog(n) = 2

We then apply Lemma 1 to get He;(ﬁ — 20")|| < C|Ak|'yj < C(nBn) ;. The claim
of Theorem 1 follows immediately by plugging in the value of ; as given above.

IHV2(G = Go)H?[|1 500 = m;tx{h;”zue;-(G —Go)H 2|1} <

5. Summary and Discussion

The topic model imposes a “low-rank plus noise” structure on the data matrix. How-
ever, the noise is not simply additive; rather, it consists of centered multinomial random
vectors. The eigenvector analysis in a topic model is more complex than standard eigen-
vector analysis for random matrices. Firstly, the entries of the data matrix are weakly
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dependent, making techniques such as leave-one-out inapplicable. Secondly, due to the
significant word frequency heterogeneity in natural languages, entry-wise eigenvector
analysis becomes much more nuanced, as different entries of the same eigenvector have
significantly different bounds. Additionally, the data exhibit Bernstein-type tails, preclud-
ing the use of random matrix theory tools that assume sub-exponential entries. While
we build on the analysis in [4], we address these challenges with new proof ideas. Our
results provide the most precise eigenvector analysis and rate-optimality results for topic
modeling, to the best of our knowledge.

A related but more ambitious goal is obtaining higher-order expansions of the em-
pirical singular vectors. Since the random matrix under study in the topic model is the
Wishart type, we can possibly borrow techniques in [31] to study the joint distribution of
empirical singular values and singular vectors. In this paper, we assume the number of
topics, K, is finite, but our analysis can be easily extended to the scenario of a growing K
(e.g., K = O(log(n))). We assume min{p, N} > log®(n). When p < log®(n), it becomes a
low-dimensional eigenvector analysis problem, which is easy to tackle. When N < log? (),
it is the extremely short documents case (i.e., each document has only a finite length, say,
fewer than 20, as in documents such as Tweets). We leave it to future work.
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Appendix A. Preliminary Lemmas and Theorems

In this section, we collect the preliminaries lemmas and theorems that will be used
in the entry-wise eigenvector analysis. Under Assumption 3, N; < N < N. Therefore,
throughout this section and subsequent sections, we always assume N = N without loss of
generality.

The first lemma describes the estimates of the entries in My and reveals its relation to
the underlying frequency parameters, and further provides the large-deviation bound for
the normalization matrix M.

Lemma A1 (Lemmas D.1 & E.1 in [4]). Recall the definitions M = diag(n—' Y| Nd;/N;),
My = diag(n' Y Nd)/N;), and hj = YK Ar(j) for 1 < j < p. Suppose the conditions in
Theorem 1 hold. Then:

. . - hjlog(n)
Mo(j,f) = hj; - and  |M(j,f) = Mo(j, /)| < C\| Z——
for some constant C > 0, with probability 1 — o(n=3), simultaneously for all 1 < j < p.
Furthermore, with probability 1 — o(n=3),

g <P

Remark A1. In this lemma and other subsequent lemmas, “with probability 1 — o(n=3)" can
always be replaced by “with probability 1 — n=1”, for an arbitrary constant C; > 0. The
small-probability events in these lemmas come from the Bernstein inequality or the matrix Bern-
stein inequality. These inequalities concern small-probability events associated with an arbitrary
probability § € (0,1), and the high-probability bounds depend on log(1/8). When 6 = n=,
log(1/6) = Cilog(n). Therefore, changing Cy only changes the high-probability bound by a
constant. Without loss of generality, we take C; = 4 for convenience.
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The proof of the first statement is quite similar to the proof detailed in the supple-
mentary materials of [4]. The only difference is the existence of the additional factor
N/N;. Thanks to the condition that N;’s are at the same order, it is not hard to see that
Mo(j,j) < n1 YL, d?(j),where the RHS is exactly the definition of My in [4]. Thus, the
proof follows simply under Assumption 2. To obtain the large-deviation bound, the follow-
ing representation is crucial:

Ni

. N
(]) Ni Z:; )

:\H
2\2

S\H
HM:

M(j, j) — Mo(j, )

“a L

where {T,}"_, are iid. Multinomial (1,d%) with d = Aw;. The RHS is a sum of
independent random variables, thus allowing the application of Bernstein inequality. The
inequality (A1) is not provided in the supplementary materials of [4], but it follows easily
from the first statement. We prove (A1) in detail below.

By definition, it suffices to claim that:

Mo(j,j) plog(n)
| M(j,)) ey

simultaneously for all 1 < j < p. To this end, we derive:

‘ VM ] ; 1‘ - [ Mo ) = MU, )|

~ VM) (VMo f) + VM, f)

Using the large-deviation bound |M(j, j) — Mo(j,j)| < C,/hjlog(n)/(Nn) = o(h;)

and also the estimate My(j, j) < h;, we bound the denominator by:
VMG (y/MoGij) + /MG 1)) = €y — ol (s + /iy — o)) > Cy
with probability 1 — o(n~3), simultaneously for all 1 < j < p. Consequently:
\/ ] ] 1| < c,/loslm) _ o [plog(n)
Nnh; Nn

where the last step is due to j > hpyin > C/p. This completes the proof of (A1).
The next Lemma presents the eigen-properties of the population data matrix.

Lemma A2 (Lemmas F.2, E3, and D.3 in [4]). Suppose the conditions in Theorem 1 hold. Let
Go be as in (13). Denote by Ay > Ay > ... > Ak the non-zero eigenvalues of Gy. There exists a
constant C > 1 such that:

CnBy <A <Cn, for2<k<K, and A > C 'n+ max Ag.
2<k<K

Furthermore, let §1,Co, . . ., Ck e the associated eigenvectors of Go. Then:

e <Cyfhy, gl < Cy/ny.

The above lemma can be proved in the same manner as those in the supplement
materials of [4]. Given our more general condition on X4, which allows its smallest
eigenvalue to converge to 0 as n — oo, the results on the eigenvalues are slightly different.
In out setting, only the largest eigenvalue is of order n and it is well-separated from the
others as the first eigenvector of n~!Gy has multiplicity one, which can be claimed by
using Perron’s theorem and the last inequality in Assumption 2. For the other eigenvalues,
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they might be at the order of , in Assumption 2. The details are very similar to those
in the supplement materials of [4] by adapting our relaxed condition on X 4, so we avoid
redundant derivations here.

Throughout the analysis, we need matrix Bernstein inequality and decoupling inequal-
ity for U-statistics. For readers’ convenience, we provide the theorems below.

Theorem Al. Let Xq,--- , XN be independent, mean zero, n x n symmetric random matrices,
such that || X;|| < b almost surely for all i and || N, EX?|| < 2. Then, for every t > 0, we have:

]P’(H:l > ) §2nexp(—02:2_/bzt/3>.

The following two theorems are special cases of Theorem 3.4.1 in [29], which implies
that using decoupling inequality simplifies the analysis of U-statistics to the study of sums
of (conditionally) independent random variables.

Theorem A2. Let {X;}!, be a sequence of i.i.d. random vectors in R?, and let {X;}_, be an
independent copy of {X;}!"_. Then, there exists a constant C > 0 independent of n,d such that:

P(| Y X]X;| >t) <CP(C|Y_XIX;| >t)
i#j i#]

Theorem A3. Let {X,(é)}irm,for 1<i<mnand1l < m < N, be a sequence of i.i.d. random

vectors in RY, and let {)?,(é) }im be an independent copy of {X,(é)}i,m. Suppose that h : R* — R is
a measurable function. Then, there exists a constant C > 0 independent of n, m, d such that:

(\Z ), X0 >t)<c1}>(c]2 R, X = t)

i m;ém i m#m

The key difference between the above theorems is attributed to the index set used
across the sum. In Theorem A2, the random variables are indexed by i and all pairs of
(Xi, X;) are included; in contrast, Theorem A3 uses both i and 7 and consider only the pairs
that share the identical index i. However, both are viewed as special cases of Theorem 3.4.1
with degree 2 in [29], which discussed a broader sequence of functions {/;;(, -) };;, where
each ;;(-, ) can differ with varying i,j. By assigning all /;;(-, -) to the same product
function, we have Theorem A2; whereas Theorem A3 follows from specifying:

h(-,-), if i=j;
i) ) () = { oo

0, otherwise.

Appendix B. Proofs of Lemmas 1 and 2
Appendix B.1. Proof of Lemma 1
Using the definition of eigenvectors and eigenvalues, we have GE = ZA and GoE = EA.
Additionally, since Gy has a rank K, Gy = ZAE'. It follows that:
EA =[Gy + (G- Gp)]E = EAE'E+ (G — Gp)Z = EE/GoZE + (G — Gp)E.

As a result:
EE'GoEA™! +¢/(G — Gp)EAL. (A2)
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Note that Go& = GE + (Gy — G)& = EA + (Gp — G)ZE. We plug this equality into the first
term on the RHS of (A2) to obtain:

= ¢EO' + ¢/E(E'E - O') + /22 (G — G)EA T,

for any orthogonal matrix O. Combining this with (A2) gives:

lej (& —E0")|| < [lejE(E'E — O')[| + [[ef2E(Go — G)EA (| + [[ef(G — Go)ZA || (A3)
Fix O = sgn(Z'8). The sine-theta theorem [18] yields:

IEE — O'|| < |Ak| 721G — Gol%. (A4)

We use (A4) to bound the first two terms on the RHS of (A3):
ljE(EE - 0| < [lGENE'E - O'|| < [lefa] - [Ak| 726 — Goll?,
lejEE" (Go — G)EA™!| < |lejE] - |Ak| M |E'(Go — G)E| < llej&l| - [Ak| |G — Goll.

Since ||G — Go|| < (1 — c)|Ak], the RHS in the second line above dominates the RHS in the
first line. We plug these upper bounds into (A3) to get:
lej(& = 20" < [A| T EEING — Goll + [lef(G — Go)ZA |
< Akl (IEINIG = Goll + 1lej(G — Go)&])). (A5)
We notice that the second term on the RHS of (A5) still involves Z, and we further

bound this term. By the assumption of this theorem, there exists a diagonal matrix I' such
that ||[T71(G — Go)T||l1 500 < (1 —co)|Ak]. It implies:

1e/(G = Go)T'[l1 < (1= co)y;|Ak]-

Additionally, for any vector v € R? and matrix B € RP*X, it holds that [|o'B|| < ¥; |vj| ||e}B l
< % 19jll[Bll2se < [[0]l1][Bll2—c0- We then bound the second term on the RHS of (A5)

as follows:
1e5(G — Go)&| < [|ej(G — Go)EO'|| + [|e;(G — Go) (& — EO')|
< |€{(G — Go)Z| + [1e}(G — Go)T'[lx - [T (& = 20)[l2500
< [|€(G = Go)E|l + (1 — co)¥jl Akl - [T (E = ZO)[l2 00 (A6)

Plugging (A6) into (A5) gives:

lej(& — 20" < A (lefEIl|G — Goll + [l€j(G — Go)E[)
+(1=co)y- ITHE = EO) 2500
<Akl + (1 =c0)7j - IT7HE = 20)[l200/ (A7)
where in the last line we have used the assumption that ; is an upper bound for He’ E|G—
Goll + He}(G — Go)E||. Note that [T7H&E — Z0') ||z 500 = max1<]<p{')/] l||e (E—-EO0N|}.
We multiply both LSH and RSH of (A7) by f 'and take the maximum over j. It gives:

IT"HE = EO0) 2500 < [Ak| 1+ (1= o) ITHE = EO') 2500 (A8)
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or equivalently, [T~ (2 — E0') |20 < ¢y '[Ak| L. We further plug this inequality into (A7)
to obtain:

(& — 20" || < |Akl i+ (1 —co) - cg Ak ™y < g Ak g (A9)
This proves the claim. [

Appendix B.2. Proof of Lemma 2

The first claim is the same as the one in Lemma A3 and will be proved there.
The second claim follows by simply collecting arguments in the proof of Lemma A3,
as shown below: By (A24), G — Gy = Eq + Ep + E3 + E4. It follows that:

4
(G — Go)E[| < ), [lefEsE- (A10)
s=1

We apply Lemma A5 to get large-deviation bounds for ||e; E;E| with s € {2,3,4}. This
lemma concerns ||e;E53||, but in its proof we have already analyzed ||e;. E;E|. In particular,
||e;EzEH and ||e;-E3E|| have the same bounds as in (A29), and the bound for ||e;E4EH only
has the first term in (A30). In summary:

hinplog(n
lejEsE] < C %ﬂ), fors € {2,3,4). (A11)

It remains to bound ||e}ElE||. We first mimic the steps of proving (A33) of Lemma A5
(more specifically, the derivation of (A63), except that Z is replaced by E) to obtain:
le;ErEll < Cllel(MY2M™1/2 — 1)E| + C|le/Go(MY2M~V/2 — 12|

4
+ Y e Es(My M2 — 1,)E|. (A12)
5=2

We note that:
lef(ME2M2 — L)E] < [MY2M2 — 1, |- |2,
lefGo (M > M™% — 1)Z|| = [|e/EAE (My*M~V/2 — I)Z|
< [l - Al |My2M 72 ],
1/2 30— —_ 1/2 % s—
||e;-Es(MO/ MV2-1)E| < ejEs]| IML/2M12 ).

For s € {2,3}, we have He}Es | < C\/h]-p log(n)/(Nn). This has been derived in the proof
of Lemma A5: when controlling [|¢;E;Z|| and [|e;E3E|| there, we first bound them by ||¢}E ||

and ||e;»E3 ||, respectively, and then study He}Ez || and ||e;»E3 || directly). We plug these results
into (A12) to obtain:

_ B _ _ hinplog(n)
le;E1E]| < || My/*M 1/2—1p||<n||€}ﬁ|| + [M[[€E] + Cy | L=

N
+ [|ejEs(My/2M 2 — 1) (A13)

For ||e}154(M(1)/2M_1/2 — I,)E||, we cannot use the same idea to bound it as for s € {2,3},
because the bound for He}E4 || is much larger than those for He;Ez || and ||e;E4 ||. Instead, we
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study ||6}E4(M(l)/ ZM1/2 I,)E|| directly. This part is contained in the proof of Lemma A6;
specifically, in the proof of (A31). There we have shown:

_ - log(n
||e;E4(M(1)/2M 1/2 Ip)bH < C\/}Tj' P E]( )‘ (A14)

We plug (A14) into (A13) and note that A; = O(n) and He;EH = O(h}l./z) (by Lemma A2). We

also use the assumption that Nnu > Nnp2 > plog?(n) and the bound for ||M(1)/2M’1/2 — I
in (A1). It follows that

- 172 4—1/2 nplog(n) plog(n)
le;E1Z]| < [[My/*M _IP”'C\/}T]‘(”"‘\/ Nt

hinplog(n)
—

< [IMy?M™Y2 — 1| -O(mh}?) < C (A15)

We plug (A11) and (A15) into (A10). This proves the second claim. [J

Appendix C. The Complete Proof of Theorem 1

A proof sketch of Theorem 1 has been given in Section 4.4. For the ease of writing
formal proofs, we have re-arranged the claims and analyses in Lemmas 1 and 2, so the proof
structure here is slightly different from the sketch in Section 4.4. For example, Lemma A3
combines the claims of Lemma 2 with some steps in proving Lemma 1; the remaining steps
in the proof of Lemma 1 are combined into the proof of the main theorem.

First, we present a key technical lemma. The proof of this lemma is quite involved and
relegated to Appendix D.1.

Lemma A3. Under the setting of Theorem 1. Recall G, Gg in (13). With probability 1 — o(n3):
pnlog(n)
IG-Gol £C N < nBu; (Al6)

A h‘plog(n) 1A S A
164G — Go)2l/n < ¢ ZEB (14 4 (& - 20) oo ) + 0(Bi) - (2~ 2O,
(A17)

simultaneously forall 1 <j < p.

Next, we use Lemma A3 to prove Theorem 1. Let (A, &) and (A, &) be the k-th eigen-
pairs of G and Gy, respectively. Let A= diag(;\l,;\z, e, ftK) and A = diag(Aq, A2, ..., Ak).
Following (A2) and (A3), we have:

le}(& - 20" < [lef2(Z'E — O)[| + [|}EE (Go — G)EAT!|| + [[e}(G — Go)ZA. (A18)

In the sequel, we bound the three terms on the RHS above one-by-one.
First, by sine-theta theorem:

=& = G—Go 2
leiE(E'E - O] < C||e]'-\:||7A|| ” 5
Ak — Ak1]
For 1 < k < p, by Weyl’s inequality:
Ak = Al < 116G = Goll < npn (A19)

with probability 1 — o(n~2%), by employing (A16) in Lemma A3. In particular, A\; < n
and CnfB, < Ay < Cnfor2 < k < Kand Ay = 0 otherwise (see Lemma A2). Thereby,
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|Ak — Ak41| > CnpB,. Further using ||e;E|| < C\/h? (see Lemma A2), with the aid of
Lemma A3, we obtain that with probability 1 — o(n~3):

I (= / . plog(n)
le2(EE =0l <y - ETE (A20)

simultaneously forall1 <j < p.
Next, we similarly bound the second term:

. C hjplog(n)
1EE (Go — G)EATY| < — €| |G — Go| < Cy/ L. A21
/=2 (Go ~ G)ZAT| < L= fEIIG — Goll < €[0T (a21)
Here we used the fact that Ax > Cnp, following from (A19) and Lemma A2.
For the last term, we simply bound:
14(G — Go)EA™!|| < Clle}(G — Go) &/ (nBn) - (A22)

Combining (A20), (A21), and (A22) into (A18), by (A17) in Lemma A3, we arrive at:

. hipl
Jej& - 20| < ¢\ [ hB)

~1(& - 50 (B =0’
j < Nip2 (1+||H z(u—_o)||2%,>+o(1) lej(& —20)].

Rearranging both sides above gives:

. hjplog(n) 1 s
N~ ~-raY) ] —5 (A _ =/
& -20) < ¢\ [HLED (1411 E-20)a ), (A23)
with probability 1 — o(n~3), simultaneously forall 1 < j < p.
To proceed, we multiply both sides in (A23) by h 172
follows that:

and take the maximum. It

Note that /plog(n)/+/NnB% = o(1) from Assumption 3. We further rearrange both sides
above and get:

_1 A — log(n
[H 2(E = EO')[l2e0 < prﬁ(%) =0(1).

Plugging the above estimate into (A23), we finally conclude the proof of Theorem 1. [

Appendix D. Entry-Wise Eigenvector Analysis and Proof of Lemma A3

To finalize the proof of Theorem 1 as outlined in Appendix C, the remaining task is to
prove Lemma A3.
Recall the definition in (13) that:

n
G=M"DD'M ™% — <l [2 a2 (@) | M My ?

Write D = Dy + Z, where Z = (21,2, ...,2,) is a mean-zero random matrix with each
Nz; being centered Multinomial (N;, Aw;). By this representation, we decompose the
perturbation matrix G — Gy as follows:
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_1 _1 _1 n _1
G—Gy=M 2DD'M™> — My2DD'M, 2 + M, * (DD’ — }_(1 — N; )d?(d?)’ — %MO)MO 2
i=1
— (M }DD'M~} — M. 2DD'M ) + M 2ZD)M. * + M. 2DyZ/ M, 2
= ( — My 0 )+ M, oMy © + My “DoZ M,
_1 _1
+M,%(22' —EZZ')M, *
=Ey + Ey + E3 + Ey, (A24)

where:
1 1 _1 _1
E;:=M"2DD'M™2 — M, >DD'M, ?,
_1 _1 1 _1
E, := M, >ZDyM, ?, E3 := M, >DyZ'M, ?
_1 _1
Ey:= M, *(ZZ' —EZZ'\M, ?. (A25)
Here the second step of (A24) is due to the identity:
n

E(ZZ') + } Ny (d) -
i=

n

NMOZO,

which can be obtained by:
n n N;
E(zZ') =Y Bzzi=Y N;? Y E(Ti—ETy)(Tis — ETs),
i=1 i=1 m,s=1
with {T;, }V_, being i.i.d. Multinomial (1, Aw;).
Throughout the analysis in this section, we will frequently rewrite and use:

1 Y
zi=-= Y Tim —ETim (A26)
Ni m=1

as it introduces the sum of independent random variables. We use the notation d := Ed; =
ET;,, = Aw; for simplicity.
By (A24), in order to prove Lemma A3, it suffices to study:

|Es|] and ||e;-ESSH/n, fors=1,2,3,4and 1 <j < p.

The estimates for the aforementioned quantities are provided in the following technical
lemmas, whose proofs are deferred to later sections.

Lemma A4. Suppose the conditions in Theorem 1 hold. There exists a constant C > 0, such that
with probability 1 — o(n=3):

|Es|| < C\/%g("), fors =1,2,3 (A27)

-1 -1 log(n) plog(n)
_ (7ol / 1 < pnlog plog
|Es|l = |M, 2(2Z' —EZZ')M, H_Cmax{ o, B8 } (A28)
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He}Elﬁ‘.H/n <C

Lemma A5. Suppose the conditions in Theorem 1 hold. There exists a constant C > 0, such that
with probability 1 — o(n~3), simultaneously forall 1 < j < p:

. hiplog(n)
lEsE oV —
le;EsZ][/n < C N fors =2,3 (A29)
. hiplog(n) 1
& j & o
lefEaEl/n < Cyf L= (1+1|Hy (&= £0) 250 (A30)

with O = sgn(Z'8).

Lemma A6. Suppose the conditions in Theorem 1 hold. There exists a constant C > 0, such that
with probability 1 — o(n=3), simultaneously forall 1 < j < p:

/ 1/2 3 4—1/2 & - plog(n) loa o
IefEs(My2M 12— 1)2 /n < €y [y BB (14 | H 4 (&~ 20') o), (A1)

- & lo A e
(2m5 2 - 1) < B 4 op,) e - 20 (A3)
and furthermore:
hiplog(n) 1, .
/ 520 & _ =0
T (14 11Hy (B = E0') 20 +0(Bn) - l€}(E — 20| (A33)

For proving Lemmas A4 and A5, the difficulty lies in showing (A28) and (A30) as the
quantity E4 involves the quadratlc terms of Z with its dependence on E. We overcome
the hurdle by decomposing & = E + 2 — EO’ and employing decoupling techniques
(Theorems A2 and A3). Considering the expression of E1, where DD’ is involved, the proof
of (A33) in Lemma A6 significantly rely on the estimates in Lemma A5, together with
(A31) and (A32). The detailed proofs are systematically presented in subsequent sections,
following the proof of Lemma A3.

Appendix D.1. Proof of Lemma A3

We employ the technical lemmas (Lemmas A4-A6) to prove Lemma A3. We start with
(A16). By the representation (A24), it is straightforward to obtain that:

4
_ pnlog(n) pnlog(n) plog(n)
IG G0||§s;||ES||§C\/ e R

for some constant C > 0, with probability 1 — o(n~2). Under Assumption 3, it follows that:

prlog(n) _ [pnlog(n)  plog(n) _ [pnlog(n) [plog(n) _ [pnlog(m)
N2 N N N Nn N

/pnlog . [ plog(n) <n
Nn

Therefore, we complete the proof of (A16).

and:
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Next, we show (A17). Similarly, using (A27), (A30), and (A33), we have:
2 4 2
6}(G — Go)&|/n <} llejEsE] /n
s=1

<c hjplog(n)
- Nn

[
[1]

(14 1Hy 2 (&~ BO')llases) +0(Bn) - €](& — 2O)].

This concludes the proof of Lemma A3. O

Appendix D.2. Proof of Lemma A4

We examine each ||E;|| fori = 1,2,3,4. We start with the easy one, || E;||. Recall Dy = AW.
We denote by W/ the k-th row of W and rewrite W = (W, - - - , Wk)'. Similarly, we use Z](,

1 < j < p to denote j-th row of Z. Thereby, Z = (21,22, ...,2n) = (Z1,2Z2,...,Zy)". By the
definition that E, = MO_UZZDE)MO_UZ, we have:

K
IEall = Iy 22wl Mg V2 = | 1 My V22w A 2
k=1

K
< ) M 2 ZW| - [l AMG 2 (A34)
k=1
We analyze each factor in the summand:

P 1
Mg 2ZWe? = )

W(Z]/‘Wk)zr |ARMy 2| = IARH TP ALV2 < ¢, (A35)
=i Mol

where we used the fact that Ax(j) < hj for 1 < j < p. Hence, what remains is to prove a
high-probability bound for each Z]{ Wi. By the representation (A26):

and the individual bound for each summand is C/N. Then, one can conclude from
Bernstein inequality that with probability 1 — o(n=3~%):

|ZiWi| < Cy/nhjlog(n)/N +log(n)/N. (A36)

As a result, considering all 1 < j < p, under pn=% < C from Assumption 3, we have:

1 P, nhilog(n) log(n)? nplog(n)
2 2 1. ] g plog
[ My 2 ZWi||* < C];hj ( N TNz ) SCe (A37)
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with probability 1 — o(n3). Here, in the first step, we used My(j, j) < hj; the last step is
due to the conditions 1; > hyin > C/p and plog(n) < Nn. Plugging (A37) and (A35) into
(A34) gives:

nplog(n
|Eaf < ¢y 2108, (A38)
Furthermore, by definition, E3 = E} and ||E|| = ||E||. Therefore, we directly conclude the

upper bound for | E3||.
Next, we study E4 and prove (A28). Notice that Mo (j,j) < hj forall1 < j < p. It
suffices to prove:

We prove (A39) by employing Matrix Bernstein inequality (i.e., Theorem A1) and decou-
pling techniques (i.e., Theorem A2). First, write:

n
H 2(2Z —EZZ')H * = Y (H 2z)(H 2z) —E(H 2z)(H ?z)’

In order to get sharp bound, we employ the truncation idea by introducing:

. 1
X; = E(zizglgi —Ezizi1g), where & := {2/z; < Cp/N},

for some sufficiently large C > 0 that depends on Cy (see Assumption 3) and 1¢, represents
the indicator function. We then have:

n n n

nY) Xi=n) X;— ZE(zizﬂgl;) (A40)

i=1 i=1 i=1

under the event N}, &. We will prove the large-deviation bound of H -3 (z7' —EzZ"H -3
in the following steps.

(@) We claim that:
n
P( &) <1- Y P(E) =1—o(n"0+3)),
i i=1
(b) We claim that under the event ", &;:

n no_
Hn in —n ZX[
i=1 i=1

‘ = o(n~(CotD)y,

C e aim to derive a hi robability bound of n) Nl- atrix Bernstein inequalit
We ai deri high probability bound of n} ! ; X; by M. B quality
(i.e., Theorem A1). We show that with probability 1 — o(n~3), for some large C > 0:

plog(n) plog(n)

n ~
L Xi
i=1
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If (a)—(c) are claimed, with the condition that N < Crn~ from Assumption 3, it is straight-
forward to conclude that:

+0(n*C0)

n
|H"%(2Z' —EZZ')H 7| = nH Yy X;
i=1

pnlog(n) plog(n) }

SCmax{ N2 N

with probability 1 — o(n~3). This gives (A28), except that we still need to verify (a)—(c).

In the sequel, we prove (a), (b) and (c) separately. To prove (a), it suffices to show
that P(&f) = o(n=(2%*t4) for all 1 < i < n. By definition, for any fixed i, Njz; is centered
multinomial with N; trials. Therefore, we can represent:

1 &
Zi= N Z (Tyyy — ET;),  where Tyy,'s are i.i.d. multinomial(1, d?) for fixed i, (A41)
I'm=1

Then it can be computed that:

N;
E(zjz) = Bz{H 'z; = iz E(Tip — ETi) H Y (Tipy — ET;)
Ni m=1
1 & & 0\ \27,—1
= 7 L L E(Tu(t) —df(0)h;
i m=1t=1
13 0 0 -1 P
=17 L LAOA-d ) < (A42)
i m=1t=1 i
We write:
7%, —B(2'%) = 2lH 'z, —BzlH 'z, = T) + I, (A43)
where:

1 Y _
I = ﬁ Z imy Timl)/H 1(Tim2 - ETimz)’
i my#
’ ),

(Tim. —E
my
1 1 1
Iz ::72 Z(Tim_ETim H™ (TZ —ETi )—E(Tl —]ETZ' )/Hi (Tl —]ETZ' )
1

N-

1 m=
First, we study Z;. Let {T;,, }V_, be an independent copy of {T;,, }N_; and:
_ 1 Ni 1~ _
1 = ) Z (Tim1 - ETiml)/H_ (Tim2 - ETimz)'
i myFmy

We apply Theorem A2 to Z; and get:

P(|Zy| > t) < CP(Z; > C't). (A44)
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It suffices to obtain the large-deviation of Z; instead. Rewrite:
7 13 & yg-1/2( 1 o 1/2
Ti = 5 Z(Tony =BT HV2 (G 3 H/4(Ti BT
mq m=
1 l / 1
— — Y (T — ETy)' H (Tipy — ETip)
i m=1
=T+ Ta. (A45)

We derive the high-probability bound for 7; first. For simplicity, write:
1
—_ g2 - .
a=H (Nz- m;(T, ET, )).
Then, 7; = N;! Zzi:l (Tip — ET;,,) H-'/2a. We apply Bernstein inequality condition on

{Tim }Z’:l By elementary computations:

var(Ti (T }Noy) = 3 1 B[ (T — BT H2a) o]

2~
Mz

—_

0T= 3
B

Z[=
.

Il

—

() (alj) /11 — (@) H%a)’

NS

Ly

I
Z[=
.
[Nagn
=
TS
S~—
AN
N
—
~
S~—

< |lall*/Nj,

where we used that fact d7(j) = e}Awi < e;Al k = hj. Furthermore, with the individual

bound N~!max;{a(t)//ht}, we obtain from Bernstein inequality that with probability
1 —o(n—(2Co+4)):

N N 't Vh

by choosing appropriately large C > 0. We then consider using Bernstein inequality to
study a(t) and get:

ITi] < c( 108(1) 41 + L max 1242) log<n>>,

log(n) log(n)
la(h)] < €\ =5 +CN\/m

simultaneously for all 1 <t < p, with probability 1 — o(n’(ZCUH)). As a result, under the
condition min{p, N} > Cylog(n) from Assumption 3, it holds that:

Vhe

plog(n) r /log(n) log(n) p

SC( N [\/ N Ty ~}+N>
P
N

7i| < c( 8L o) 1 L max W10g<n>>

hmm

(A46)
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We then proceed to the second term in (A45), 7, = N i—2 an\le (Tjpy — BTy ) H (T — BTy
Using Bernstein inequality, similarly to the above derivations, we get:

N;
var(T;) = N;* P E( Tin) H  (Tim —Eﬁm))Z

m=1 j=1

_ st[i (d?(j))z(hl2 () id?(])(d?(ﬂ _(@YH 1d0) }
j=1 j j=1 /

s [ & (@)A1 -2d0()))

=N, 3L_1 h}? ((do) 1d0> ]

< 2%

The individual bound is given by N2 /. If follows from Bernstein inequality that:

T < C( P 1(;?3(”) n 11\?2%1(”.) ) (A47)

with probability 1 — o(n~(2%+4)). Consequently, by pluging (A46) and (A47) into (A45)
and using Assumption 3,
nlsk (A48)

with probability 1 — o(n~(20+4)), By (A44), we get:

|Z1] < C<

—(2Cy+4) )

" ol + IZ) (A19)

with probability 1 — o(n
Second, we prove a similar bound for Z, with:

I, = Nz Z im — ETiw) H N (Tipy — ETypy) — E(Tiy — ETi) H Y (Tiy — ETpy).

We compute the variance by:

var (T — ETp) H YTy — ETi)
= B( A (Tn(®) — (1)) - (Ezh;%nmm - d?(t))Z)z
t
< L[ = d0) + (1 =) = L R (01— 4(0)
< Zh V< ph .
This, together with the crude bound:

|(Tim - ETim),Hil(Tim - IE4Tim) - ]E(Tim - IE:Tim)/I_Iil(Tim - zm)| < Ch

min’
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gives that with probability 1 — o(n~(2%+4)), for some sufficiently large C > 0:
plog(n) log(n) 4
Ll < <C—= A
72| < Cma"{ N3 imin * N2hmm} sy (A50)

under Assumption 3. Combing (A49) and (A50), yields that:
2% = 2lH 'z; <EzlH™ zl+|Il|+|Iz|<C£

with probability 1 — o(n~(2¢0*4)). Thus, we conclude the claim P(ES) = o(n~(20+4)) for
all 1 <i < n. The proof of (a) is complete.
Next, we show the proof of (b). Recall the second term on the RHS of (A40). Using the
convexity of || - || and the trivial bound:
Elzizi1ge| < P(E)|ZiZilmax < hinP(EF),

— ""min

we get:

n
H Y E(Zizile)
i=1

n
= ZE|Z§Zi15f| < O(n—(2Co+4))np _ O(n_(CO+3)) ]
i=1

n
| < Y E|zzns
i=1

Here, in the last step, we used the fact that p < nCO, which follows from the second
condition in Assumption 3. This yields the estimate in (b).

Finally, we claim (c) by Matrix Bernstein inequality (i.e., Theorem A1). Towards that,
we need to derive the upper bounds of || X;|| and ||[EX?||. By definition of X;, that is:

~ 1, . .
X = ;(Ziz;lﬁ - ]Ezizflgi),
we easily derive that:
1% < - (I + 1BEZ1)]) < o (I2Es] + 1BEZ1) |+ [EEZ]) < 2
for some large C > 0, in which we used the estimate:

IBz2)] = |H2E iz H2)| < N7V HoV/2 (diag(a?) — () ) H/2

<N HH Uzdlag(do 1/2H_|_N 1’ do _1d?]

2
< =,
N

By the above inequality, it also holds that:

IE(Zizi1e)|| < |E(ZZ1e) || + [E(Z:2)] < %
Moreover:
IEXF| = ||n—2E(|1zl2i21e,) —n ™2 (Ez; 2’15 )2l
< fIIE(Z Zile)ll + 2IIE( Ie)|?

Cp
~ n2NZ?2°
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Since EX; = 0, it follows from Theorem A1 that:
P(| 5%
=1

with 02 = Cp/(nN?),b = Cp/(nN). As a result:

—12/2 )

‘>t) <2nexp<m ,

n

XX

lo lo
(P ey

with probability 1 — o(n~3), for some large C > 0. We hence finish the proof of (c). The

proof of (A28) is complete now.
Lastly, we prove ||E1|| < Cy/pnlog(n)/+/N. By definition, we rewrite:

E] — (M—l/ZM(l)/Z)Mal/ZDD/Mal/Z(M—l/ZM(l)/Z _ Ip)
+(MV2MY? - 1,)M, /* DD M V2. (A51)

Decomposing D by Dy + Z gives rise to:
-2 Iag— 3 Iv 0/ 0vr~2 , 1 -3 Iag— 3 ~% oy a3
M, *DD'M,? = M, Z(l — N7 Hdd (@) m, * + ﬁlﬁ + M, *DoZ'M, * + M, * ZDyM,

_1 _1
+ M, 2 (zZ' — ]EZZ’)MO 2

n
:G0+NIP+E2+E3+E4 (A52)

Applying Lemma A2, together with (A38) and (A39), we see that:
_1 _1
|My2DD'M, 2| < Cn

Furthermore, it follows from Lemma A1 that:

B log(n _
M2 < O/ and M2 = 140(1).

Combining the estimates above, we conclude that:

prilog(n)

E| <
Bl < ¢y A28

We therefore finish the proof of Lemma A4. [

Appendix D.3. Proof of Lemma A5
We begin with the proof of (A29). Recall the definitions:

1 _1 _1
M ZDOM , E3 =M, 2DOZ’M0 2,

We bound:
< ¢
n

& 1 & _ K 3
lejE2B| /n < [lejEa|/n < - Y llefMg 27We|| - | ApMy Z lel M V27|
k=1 =1
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by the second inequality in (A35). Similarly to how we derived (A37), using Bernstein
inequality, we have:

He;Mal/zZWk” < CM = Ci ZI N._lh'fl/Z(Tim(].) —dg(]))wk(l)

<C /HWkIIZIOg(n) CZ\IIO?L)

<C nlog(n) n Clog(n)
N N\/h?

~Cy-3

with probability 1 — o(n ). Consequently:

N hipl
lelE2&l /n < Cyf log(1) +C log(1) < Cy /log(n) <cy/ hjplog(n) (A53)
Nn aN /hj Nn Nn

in view of plog(n)* < Nnand hj > hmin > ¢/p from Assumption 3.
Analogously, for &3, we have:

hjplog(n)

N (A54)

- 1 _ 124
lejEsll /n < — Y llejMg /2 Ax - [Wiz' My 28| < C
k=1

where we used |W/Z'My'2E|| < |My"/*ZW;|| < \/pnlog(n)/V/N from (A37) and
||e]-M0 172, I < C\/PTJ. Hence, we complete the proof of (A29).

-

_1 _
In the sequel, we focus on the proof of (A30). Recall that Ey = M, *(2Z' —EZZ')M, 2.
We expect to show that:

. hiplog(n)
/ ol ]
lefEaEl/n < Oy L= (

Let us decompose He}E4@|| /n as follows:

n | EsE]| < n7[elE4E]| + n[elEg(E — 2O)]| .
We bound 1! ||e;-E4E|| first. For any fixed 1 < k < K, in light of the fact that My(j, j) < h;
foralll1 <j<p:

lejEaéy| < |ejH1/2(2Z' ~EZZ")H “2¢k|—\2h V24 (j)2H 2 — 2Bz )z H g

) (T, — dOyH ék}l

N ) 1) B §
-Lw L ™ T (TG B| 7

< |J|+ | T,
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with:
n
Ji:= Y YT — ) H V2 (T — ' H V2,
1 ;] m
_ E( p— dO)/ 71/26]. . (Tlm _ d?>/H71/2gkr

2 _ZNz Z (Tim — d7) H™ V2 (T, — ) H™V/2G.

For 7, it is easy to compute the order of its variance as follows:

var(J7)

n N;
=Y 3 N7var((Ty — ) BT e (T — ) H/2 )
i=1m=1
O . 1)) 2 10) d9(1)& (1)
_lzzlm:1Ni dz(]) hj <\/— Z \/» )

3
Z

4y a0 d2(j))* /¢ d?(s)&k(s)\2

2
no Ni 4 () él dcl-( )C () Z( ()) Cr(j Zdi( )ék()
zlmlN (1/ ( / t kt) / (\/(» t t>)

+
\ng
M

I
—_
3
Il
—

n
S Cm/

where we used the facts that & (t) < /I, d? () < Chj, and ) d?(t) = 1. Furthermore,

1/2

with the trivial bound of each summand in J; given by CN ’Zh]f , it follows from the

Bernstein inequality that:

nlog( lo nlog(
] < oy OB g <c\/ o8 (1)

with probability 1 — o(n~3~0). Here, we used the conditions that h; > C/p and plog(n)* < Nn.
We proceed to estimate |J;|. Employing Theorem A3 with:

h(szl Tlml) = N‘iz(Tim - d?)/Hil/zej . (Timl - d?)/Hil/zgkr

1

it suffices to examine the high probability bound of:
g 0V H-1/2,. . (T 0V py—1/2
ZNz Y (Tow—d7) i+ (Timy — d7) H™ 7Gx
i m#m
where {Timl } is an independent copy of {Tj, }. Imitating the proof of (A45), we rewrite:
n N
= Z Z Ni_l(Tim _d?),H_l/zej - bim where by = ( Z Nj_l( iy do) 1/2§k)
i=1m=1 myF#m

Notice that b;;, can be crudely bounded by C in view of Zk(t) < v/hy. Then, condition on
{Tim, }, by Bernstein inequality, we can derive that:

1] = oy o8 1801 < ¢ fuogln)

N\/lTj N
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with probability 1 — o(n~3~%0). Consequently, we arrive at:
|e;Eagy| < CW <y hjpn;(;g(n)
under the assumption that iz C/p. As K is a fixed constant, we further conclude:
lejEaz) < oy HPoE) (A55)

with probability 1 — o(n=3~%).
Next, we estimate 7! He}E;;(E — E0/)||. By definition, we write:

1 . 1 R
- le}E4(2 — 20") || = - leiMy1/2(22" —EZZ" )My V2 (E - E20')]|.
Foreachl <t <p:

1
- |eiMy 2 (2Z! —BZZ')el]

ﬁi 2i(7)zi(t) — Bz i)z (1))
j
1

For (I), using Bernstein inequality, it yields that with probability 1 — o(n~3~2C0):

max{ (hj+hi)hlog(n)  (hj+h)log(n)

nN3 " nNZ/hy }’ 7]

|(I)] <C
log(n) log(n) .
max{ nN3’nN2\/lT]-}’ t=j
e (hj+h;l);\l;3log(n)l ¢ 7&]
= : ’
G t=]

where the last step is due the the fact plog(n)? < Nn from Assumption 3. As a result:

p Tz hih 1 1 hip]
;I(I)t|gc(ﬁ\/f*1n—t°g ;h\/og \/Zgl\(]f;))gc %g;”) (A56)

Here, we used the Cauchy-Schwarz inequality to get:

hihtlog(n hihtlog(n) Yt2j hihi log(n )
Z  aN3 VP Z nN3 - f nN3

t#j t#j
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For (II)t, since it is a U-statistics, we then apply the decoupling idea, i.e., Theorem A3
such that its high probability bound can be controlled by that of (II), defined by

(I1) [ZN ; i (7) = 9 (7)) (Tim (£) — d}
] i m#i

where {Tjp }i 7 is the i.i.d. copy of {Tj;, }i . We further express

1 _ ) A
= W ZNI ZZ(Tlm(]) - d?(])>Ti,—m’
jt "
where T; _,, := E,h#m(fim
and get:

(t) —d(t)). Condition on {Tin}im, we use Bernstein inequality

_ 1 Y..T
(I); < Cmax{\/ og(1) - Lim T

,—m log( ) maxzm|T
n2N4

7

i, m|}
nNz\/I?j
SC\/IOg( n) - max; , |T;

|2
i,—m

nN3 ’
in light of plog(n)? < Nn. Furthermore, notice that

max |T; _,,| <3 |Tim (1)
im =

2]
It follows that:
Z log(n) 1 & = log(n) 1
< - — . <
LD s cy =57 g LmaxT, | <€

P
N NELlh

log(n)
<
<SG\ = (A57)
where the last step is due to the trivial bound that
2|T1m — |<1+2d0 <C
t=1
forany 1 <
obtain:

N. Thus, combining (A56) and (A57), under the condition h; > C/p, we

1 1& hiplog(n

~|leiMyV2(2Z' —BZZ') |1 = = Y |e§My 2 (22 = EZZ))es| < C hjplog(n) (A58)

n n/= nN

with probability 1 — o(n=3=0)
Moreover, employing the estimate My(j, j) < h; forall 1 < j < p, it follows that

A 1 _ _

LlefEa(& — 20N | = T leiMy 2(22 ~ EZZ') Mg

1 Iaq—1/2 1
< oMy 222 -

< hip log(n)

EZZ')|1 - |Mg " 2HY2| - |[HV2(2 = 20') |20
H V(& - z0
| ( )

(A59)
with probability 1 — o(n=3=0)
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In the end, we combine (A55) and (A59) and consider all j simultaneously to conclude that:
n e EE] < 0B + 1 elEy(E - 20)]

hjplog(n)

—-1/2 rﬁ!_:! /
< o (1 IH2(E - 20" o)

with probability 1 — o(n’3’C0). Combining all 1 < j < p, together with p < n<, we
complete the proof. [

Appendix D.4. Proof of Lemma A6
We first prove (A31) that:

— 2 log(n _loa o
lejEa(My/2M™Y2 — )& /n < € Jhy - P ﬁé )(1+||H HE - 80) 2 e

By the definition that E; = M, '/?(ZZ' —EZZ')My'/?, we bound:
. A 1 - - - .
ljEa(My/2M 12 — 1)E | /n < — |l ejMg (22" —EZZ') 1 - | Mg /2 (My/> M2 — 1) |p-sc0.-
From (A58), it holds that [|e{M,'/?(ZZ' = EZZ')|1/n < C,/hjplog(n)/+/nN with proba-
bility 1 — o(n~3~%). Next, we bound:

MgV 2(MY2MY2 — 1)E |y e < [|[HV2(MY2M™Y2 — 1)E 50
[ HV2(MY2PM™Y2 — 1) (B — BO') |20

The first term on the RHS can be bounded simply by:
IHY2(My* M2 = 1,)E|p00 < Cmax | /% /plog(n) /nN - /hil
1
< Cy/plog(n)/nN =o(1)

The second term can be simplified to:

|E2(MY M2 1) (&~ 50" oo = | (MM ™2 — 1) HV2(E — BO') 2

plog(n) 1208 oy
< rFmoNV T - 0+
<G\ =X IH A (E - E0) o
As a result:
. hjplog(n) ~ [plog(n) -3
1/2 1~ f ! P08 H—-F
IefEa(My/2M 2 = 1)2 ] /m < FEG [ EEE (1 1y (2~ 2002w
plog(n) “loa oy
< .90 7 [ oo | -
<y R (L IH T (E - 20 o) (A0
This proves (A31).

Subsequently, we prove (A32) that:

<y 18 L o5,y - fei(& — =0

G(MY2My 2 —1,)E i

We first bound:

G(M2My? —1,)E

<

G(M2My 2 — 1) E

+
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By Lemma A1, [M(j,j) — Mo(j, j)|/Mo(j, j) < Cy/log(n)//Nnh;. It follows that:

(M1/2M 1/2 _‘H | ‘ ||e

] ]
|M ]/ MO(] ])| . He,‘:”
- Mo(j,j) I~
log(n)
<
<cC N

and:

e(MY2M;Y? — 1) (& - EO/ / ¢l
]( 0 P)( ) MO(],]) j
plog(n) =T
< /B iz =0

by the condition that plog(n) < Nn. We therefore conclude (A32), simultaneously for all
1 < j < p, with probability 1 — o(n~3).
Lastly, we prove (A33). By the definition:

1 1

Ey =M 2DD'M~? — M, 2DD'M, ?,

and the decomposition:

1 _1
My ?DD'My * = Go+ 1y + E2 + Es + Ey, where G = 1/22 0 (d0) My 2,

we bound:

HejE13||/n
< |lej(1, — Mg V*MY2)MV2DD' M2 /n + ||} Mg/ 2DD My VA (M2 MV — 1) & /n
< Cllef(1, — My PMY2)E|| + ClleiGo(My M~/ — 1,)E|| /n
4
1/2 27— & 1/2 75— 2
+ [l (Mg > M2 — T)E| /N + Y ||efEi(My/>M /2 — 1) /n,
i=2

where we used the fact that M—1/2DD'M~1/25 = 7\3, where A = A + nN_llp, which
leads to ||A]| < Cn.
In the same manner to prove ||e;-E2E|| /n and ||e;-E3E|| /n, we can bound:

hjplog(n)
Nn

N

1 _ A
lE (MM T2~ )2 < -

I

E||[|My* M2 — 1, < C fors =2,3. (A61)

||]
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By Lemma A1, we derive:
||e;G0(M(1)/2M—1/2 —L)E||/n < Cté ;jht | Zwai] 12:5}5’;) e
= %S(n), (A62)

where we crudely bound |a;-2wat| < hjht, and use Cauchy-Schwarz inequality that

Y lle 8l € P/t (EE) < K/p. In addition:

e (M0 172~ LRI/ < |y/oaly )/ /MG

< Clle(1, — My PMY2)Z||,

lej (1, — Mg 2MY2)E|

which results in:
lejE1 2| /n < Cllef(T, — My /2MV/2)E|| + C||eGo (Mg/*M /2 — T,)&| /n

4
+) leE{(My/2M ™2 — 1) E] /n. (A63)

=2

Combining (A61), (A62), (A31), and (A32) into the above inequality, we complete the proof
of (A33). O

Appendix E. Proofs of the Rates for Topic Modeling

The proofs in this section are quite similar to those in [4] by employing the bounds in
Theorem 1. For readers’ convenience, we provide brief sketches and refer to more details in
the supplementary materials of [4]. Notice that N; < N < N from Assumption 3. Therefore,
throughout this section, we always assume N = N without loss of generality.

Appendix E.1. Proof of Theorem 2

Recall that:
R = <?1/?2/' . '/?p)/ = [dlag(§1>]7l (62/ .o /éK)'

Since the first eigenvector of Gy is with multiplicity one, which can been seen in Lemma A2,
and the fact that |G — Gy|| < n, it is not hard to obtain that O’ = diag(w, ()') where
w € {1,—1} and (Y is an orthogonal matrix in RK=VK=1 Tet us write 21 := (&, ..., &)
and similarly for &;. Without loss of generality, we assume w = 1. Therefore:

hjplog(n)

hiplog(n) ,
~ NnpZ H Nnp%

(-Gl < e lg@E =) <c (A64)

]

We rewrite:

PP = B (j) - &) —&() e}(él - E1Q)
j

j =1\ . : :
! ¢1(7)€1(7) ¢1()
Using Lemma A2 together with (A64), we conclude the proof. O

Appendix E.2. Proof of Theorem 3

In this section, we provide a simplified proof by neglecting the details about some
quantities in the oracle case. We refer readers to the proof of Theorem 3.3 of [4] for more
rigorous arguments.
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7 — sl < |

Proof of Theorem 3. Recall the Topic-SCORE algorithm. Let V = (¢1,0,,...,0x) and
denote its population counterpart by V. We write:

A 1 ... 1 1 ... 1
Q:<Z71 Z/)K )’ Q:(Z)1 '0](>

Similarly to [4], by properly choosing the vertex hunting algorithm and the anchor words

condition, it can be seen that:
plog(n)
vV-v|<cC
17— vi <o\ PR

where we omit the permutation for simplicity here and throughout this proof. As a result:

Ak ¥ A 1 _ 1
n=le () e

<CIQTHP NV = VI llrll + Q7 HHI7; —

plog(n) _
<C T 0(1)

where we used the fact that ||Q~!|| < C whose details can be found in the proof of
Lemma G.1 in supplementary material of [4]. Considering the truncation at 0, it is not hard
to see that:

175 — il < Cllag - i) < € [ PABU) o),

Nnp2
and furthermore:
o 17 = mtll A7l 17 = 7l
P T S p -
P 1767 111 172 1[5 [l

<l -l c,/pll\;’géz) (A65)

by noticing that 77; = 7r]’f in the oracle case.

Recall that A = M'Y2diag(é)IT =: (dy,...,d,). Let A* = M(l)/zdiag(cfl)ﬂ =
(ai,...,a;)". Note that A = A*[diag(1,A*)] 1. We can derive:

M(j, 1) §1(7) A = \/ Mo (. ) &1 (j H

< ¢ll\/m(jj) \/Mo]]” IO - i+ Cy/Mo () - 1G) =& G- il

+Cy/Mo(jif) - 16101 - 17 =

< chyy | £ log(n) (A66)

Nnp3 ’

where we used (A65), (A64) and also Lemma Al. Write A = (A;,...,Ag) and A* =
(A7, ..., Ag). We crudely bound:

_ P lo
1 Aelly = 14k | < Y- lla— el < /pNg[;) o(1) (A67)
j=1
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simultaneously for all 1 < k < K, since Zj h]' = K. By the study of oracle case in [4], it can
be deduced that || Af[[; < 1 (see more details in the supplementary materials of [4]). It then
follows that:

16— ajlly = |tiag(1/11 Al -, 1/ | Axl)a; — diag(1/ || A5 |, 1/ | Akl |

K| a(k)  aj(k)

||Ak||1 JERE
<§ (k <>‘ + o o LAl = 145 |
= ||A*|\ T AL A

K
<€ Y15 = ol + o e I Aelh = 14¢]1 |

plog(n ) plog(n)
< ( h .
- Nnp? Clla 7” Nnp?

Here, we used (A66), (A67) and the following estimate:

laills = /Mo, J) [Ex (DIl 727 | = By

Combining all j together, we immediately have the result for £(A, A). O

Appendix E.3. Proof of Theorem 4
The optimization in (12) has a explicit solution given by:
of = (AM1A) TAM 4,
Notice that (A’M;'A)TA'M'd) = (A'My ' A) 1A’ My ! Aw; = w;. Consequently:

|0} — willy = [|(A'M~TA) A My — (A'M T A) T AMG Y
< (A'MGTA) YA MTTA — A/MGLA) (AMTTA) A
+[(AMTA) A M - AMG ) ||,
< CBy II(AMTIA = ATMG T A) | (107 — w2 + [lillh)
+CB,* ;- AM Y,

M1,

(AG8)
since |[(A’M;'A)~!|| < ||(A’"H"1A)7!|| < 1. What remains is to analyze:

Ty = |(AM A - A'M*A)|, and Tp:=

i — A'M )|

For T7, we bound:

~

T < [[(A—A)MTIA| + [A"/(M™ = Mg D A|
+AMGH (A=A

Using the estimates:

) log (1 o o log(n
l; — ajlly < Chyy [ 801 |M(j, /)" = Mo, /)| < Y ogn)

N”:B% ’ N h]q/NVlh]',
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it follows that:

K
A (M =My (A= Al < ) |AM™ = Mg ) (A, — Ar,))|

k=1
Ko p
< Y A= Al = Y 12— ajlly
k=1 =1
plog(n)
<A\ Nng2

and similarly:

K
A 4 A log(n
1A~ AYM; (A - A < Y 1A — Al < o/ PAo8l)
k=1

Nnp2 ’
; rag—1 12 S plog(n)
[(A—A)Y (M —MH)(A-A) < ) A— Aclh < 5
k=1 Nnpy
As a result:
T1<CH(A—A)' *1A||+C||A'(M*1— My A
10
<c2||a]fa]|| +cy/ BB Bl ZHJH
j=
plog(n)
<
<C N2 (A69)

Next, for T, we bound:

T < ||(A =AY M7y + | A/ (MY = My Dd;| + | A'Mg ™ (d; — 7))

14— gyl log(n) g
Smax(h]+|| il |1 e 440 s = )

] h;\/Nnh;

plog(n) 0
sC Nnp3 +1<k<K’Ak i di)"

where for (A — A)'M~1d,, given the low-dimension K, we crudely bound:
[(A—AYM™1di|| < Cmax |(Ag — Ap)'M™1d] < Cmax |1 (a;(k) — a; (k) [l dillx

and |a;(k) — a;j(k)| < ||a; — aj||. We bound [|A’/(M~! — My ')d;|| in the same manner. To
proceed, we analyze | A} M, Yd; - d?)| for a fixed k. We rewrite it as:

_ 1 _
AMyH(d; —dY) = N Y AWMy (T — Tim).
Em=1

The RHS is an independent sum where Bernstein inequality can be applied. By elementary
computations, the variance is:

Nflvar(Af(Moil(Tim —Tiw)) = N»fl]E(AfcMil(T' - Tim))z

— N ALM; Wdiag(d?) Mg A — N (AM d?)?
<N!
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and the individual bound is crudely N~1. It follows from Bernstein inequality that with
probability 1 — o(n—%):

_ log(n) log(n) log(n)
Fa-leq. 40 8 g g
1 4xMg " (di — di)| < C( N N ) sC N

in light of N > log(n). This gives rise to:

1 1
T < [ LEe) 4 cy B

We substitute the above equation, together with (A69), into (A68) and conclude that:

o plog(n) log(n)
f_willy < Cy = i
@} —w;ll1 _C¢ Nnpd +C Np2

Recall that the actual estimator @; is defined by:
@; = max{@;, 0}/ max{®;, 0} 1,

where the maximum is taken entry-wisely. We write @; := max{®;,0} for short. Since w;
is always non-negative, it is not hard to see that:

~ . plog(n) log(n)
ol < ol < F2Oe\") = )
|@; — willy < Cll@f —wily <C Bl +C NGz 0(1)

As aresult, ||@;||; =1+ o(1). Moreover:

R @i — willx ‘
ol < .
||wl wl”l = szHl +le||1

8 plog(n) log(n)
< Cllw; — wil|; < Cy 228V
< Cll@i —will —C\/ Nnpt +C\/ NB2

1 _ L’
|@illh [Jwillx

with probability 1 — o(n~*). Combining all i, we thus conclude the proof. [
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