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A Supplementary lemmas for the main text

In the main paper, owing to the space constraints, we stated some arguments without giving

detailed proofs. In this section, we revisit and prove these arguments.

A.1 The simplex geometry and the oracle procedure

In Section 3, we considered the oracle case where A = ) and claimed that there is a simplex

geometry associated with the rows of R. The next lemma makes this argument rigorous:

Lemma A.1 (The simplex geometry). Consider a DCMM model, where each community k
has at least one pure node. Let Hy = E[H] and Ly = HO_%QHO_%. Let \i be the kth largest
eigenvalue (in magnitude) of Loy, and let & be the corresponding eigenvector. If we pick
the sign of & such that Y  &1(i) > 0, then & is a strictly positive vector. Furthermore,
consider the matriz R € R™E=Y where R(i, k) = &41(1)/61(1), 1 <i<n, 1 <k < K — 1.

Write R = [ri,72,...,714].



o There exists a simplex S C RE~! with K vertices vi,vs, ..., vk, such that ri,79,..., 7
are contained in S. If node i is a pure node, then r; falls on one vertex of this simplex;
if node i is a mized node, then r; is in the interior of the simplex (it can be on an edge

or a face, but cannot be on any of the vertices).

. . ) . K . )
e Eachr; is a convex combination of the K vertices, r; = >, _, w;(k)v,. The combination

coefficient vector is w; = ||m; o by|;(mi o by), where o is the Hardarmart product and

by is a K-dimensional vector with by(k) = 1/\/)\1 +vidiag(Ag, ..., A)vg, 1 <k < K.

Proof of Lemma A.1. The proof largely follows the one in [0], except that they considered a
special case of H = I,, while we allow for a general diagonal matrix H here.

Recall that Ly = H, %@H(PH’ ©H, %). Under the condition that each community has
at least one pure node, Ly has a rank K. It follows that Ly has the same column space as
Hg%@ﬂ. Meanwhile, = = [£1,&s, ..., &k] also has the same column space as Ly. Therefore,

there exists a non-singular matrix B € RE*X such that

Write B = [by,ba,...,bk]. Define vy, vq,...,vx € RETY by v (€) = bpyy(k)/b1(k), for 1 <

k<K, 1<{<K-—1 Write V = [v},0s,...,vk] € REX(E=D Tt follows that
B = diag(b)[1x, V].
By definition of R, [1,, R] = [diag(&;)]'Z. Tt follows that

(L. ] = [ding(61)] ' = [diag(&)] ' H, *OIIB
= [ding(¢1)] " H, * Olldiag(b)[Lx. V]
Define W = [diag(ﬁl)]_1H0_%@Hdiag(bl). The above equation implies that 1, = W1k and
R = WYV. Denote by w} the ith row of W. It follows that w/1lx =1 and r; = Zle w; (k)vg.
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Furthermore, under Condition 2.1(c), we can show that both & and by are strictly positive
vectors; the proof is similar to the proof of Lemma B.4 of [(], which we omit. It suggests
that 1 is also a nonnegative matrix. Combining the above, each r; is a convex combination
of v1,v9,...,vg. This proves the simplex structure.

We now derive the connection between w; and 7;. Write a; = & (i) H, %(z', i)6;. Then,
w; = oy - midiag(by) = ;- (m; 0 by). Since ||w;]|1 = 1, we immediately have a; = 1/||m; 0 by |]1.

This proves that w; = (m; 0 by). To get the expression of Bj, we notice that

1
[ ;0011
A=Z'L=E= (HJ§@HB)'(H5§@HPH’@H(;§)(H(;i@HB)

= B(eD,;'eN)P(II'eD,'el)B’' = K~?- BGPGB,

where Dy and G are as defined in Section 2 and we note that Dy is actually Hy,. Moreover,

G =K - (Hy 2Ol (Hy 20I) = K - (EBY)/(EB) = K - (BB')". It follows that
BAB' = K?-BB'GPGBB = P.

Write A = diag(A1, A1), where A = diag(\e, ..., Ak). Also, recall that B = diag(by)[1xk, V].

We plug them into the above expression to get

A 1%
P = diag(by)[1x, V] diag(by).
A | |V
It follows that P(k, k) = by(k) - [\ + v, A1vk] - b1 (k). The identifiability condition of DCMM

model in Section 2.1 says that P(k, k) = 1. Therefore, by (k) = 1// A1 + vj. A1 vg. O

A.2 Broadness of the 6-class G(o, ap)

In Section 2, we introduced a technical condition on F),(-) (see Definition 2.2) and defined
G(0,ap), a class of 8. We claimed that this class is broad enough to include most interesting

cases of degree heterogeneity. This is justified by the following lemma:
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Lemma A.2. The requirements in Definition 2.2 are satisfied if 0;’s are i.i.d. drawn from
ko F(+), where Kk, > 0 is a scalar and F(-) is a fized, finite-mean distribution which has its

support in (0,00) and satisfies one of the following conditions:
e F(-) is a discrete distribution;
e F(-) is a continuous distribution with support in [c,00), for some ¢ > 0;

e () is a continuous distribution supported in (0,00), and its density f(t) satisfies that

lim; oo t°f(t) = C, for some b+# 1/2 and C > 0.

Proof of Lemma A.2. Recall that we assume 6,’s i.i.d. generated from k, F(-), where x,, > 0,
and F(-) is fixed distribution that is either continuous or discrete with finite mean m.
First, we consider the case that F(-) is a discrete distribution, i.e., F = 31 €0, where
L is a fixed constant and 0 < z1 < 29 < ... < xp, €’s are all fixed, J, is a point mass at x,
and 21{}:1 eexe = m. In this case, we simply set ¢, = x;_1/m, p = x1/x_1 and ag = miny €.

One can easily check that with high probability,

™~

m- 1@ A 1 ; _114 A1l

which indeed verify the condition in Definition 2.2 for the chosen (p,ag). This proves the
first bullet point of Lemma A.2.

Next, we consider the case that F'(-) is a continuous distribution with density f(-) and
supp(f) C [0, 4+00). Since [tdF,(t) =1, it is not hard to see that dF,,(t) = mf(mt)dt. We

can rewrite

1 [ f()
/ VEN 1dF”(t) N /m Vt/m A 1dt (A1)



The singularity of the integral on the RHS of (A.1) lies in the neighborhood of 0, or errZm.

If f(t)tz= — C as t — 0 for some ¢y > 0, C' > 0, then the integral on the RHS of (A.1)
converges and can be bounded by some constant C; > 0. Since F(+) is a fixed continuous
distribution with finite mean m, we can always find ¢ > 0, a € (0,1) and p € (0, 1) such that
F(¢) — F(p¢) > Cy and F(¢) < 1— a for some constant 0 < Cy < Cy. We then set ¢, = ¢/m

and ag = min{a, Cy/C}. As a result,

Fo.(c,) =F(@) <1—a<1-ay,

e Fo(é,) — Fo(pén) /°° 1
dF,(t) > >0y >a — = dF,(t).
/M inT () o A1 25 e VEAT ()

Here err, can be replaced by any other sequence z,, — 0. We remark that the case F() has
a support bounded below from zero is also included in the current discussion. This proves
the second bullet point in Lemma A.2 and part of the third bullet point.

If f(t)tzt — C ast — 0 for some € > 0 and C' > 0, then the RHS of (A.1) is of
the order err, 2 and its mass is located in the neighborhood of err? m. Therefore, we can
simply set ¢, = C3 err? for some large C3 > 1 such that F'(Cserr?m) < 1—a for some a > 0
(this can be always achieved since F(-) is a fixed distribution with mean m). Let o = Cy; .

Then,

Fo(c,) = F(Cserr:m) <1—a,

B Cs3 err% m f(t) 00 f(t)
(t) N /err%m \/t/mdt ~ 04 /err%m \/t/m N 1dt’

for some Cy > 0. We thus take ag = min{a, Cy}. The arguments also hold if we replace err,

Cn 1
—=dF,

by any other sequence z,, — 0. The condition in Definition 2.2 is satisfied for the chosen

(p,ap). This proves the remaining part of the third bullet point. O



Algorithm B.1: Mixed-SCORE-Laplacian.

Input: K, A, tuning parameters (7,¢,vy) = (1,0.5,0.05) (default), and a given VH
algorithm.

1. Let L be the normalized graph Laplacian in (9). Let A be the kth largest eigenvalue
(in magnitude) of L, and let & be the associated eigenvector, 1 < k < K. Define an
n x (K — 1) matrix R by

R(i,k) = &1 ()/&(0), 1<i<n 1<k<K-—1.

Denote by 71,7, ..., 7 the rows of R.

2. Let &, = K|\g| and S,(c) = {1 <i < n: d;62 > cK3log(n)}. For any i ¢ S,(c), set
= Kﬁl]_[(.

3. Let S*(c,) = Sp(¢)N {1 <i<n: d; >~d}. Run the given VH algorithm on the
point cloud {#;},.s- (cy)- Denote the output by 01, 0s, ..., 0k.

4. Let Ay = diag(j\g, . S\K) and obtain b; € RX from

~

bi(k) = [A\ + 0, A0, 7V2, 1<k<K,

For each i € S,(c), solve w; € RX from the linear equation set:

K
> (k)i =7,  and Y (k) = 1.
k=1 k=1

Let 7; € R® be such that 7; (k) = max{w; (k) /b1 (k), 0}, for 1 < k < K. Output
7t = 75 /|71, for each i € S, (c).

A

Output: II.

B The Mixed-SCORE-Laplacian (MSL) algorithm

In Section 3, we explained the membership estimation steps in Figure 2 and gave a high-level
description of the MSL algorithm in Algorithm 1. We now present Algorithm B.1, a detailed
version of Algorithm 1. In this algorithm, we assume there is a given vertex hunting (VH)

algorithm. The choices of the VH algorithm are discussed in Section B.1.



Algorithm B.2: Successive projection (SP).

Input: K and 1, 2,...,7, € R? (d > K).
For each 1 < k < K, run the following steps:
o If k> 2 compute P =Y (YY) 'Y’ where Y = [z;,, 4, ..., 74| € R*EL,

o If k> 1, find i; = argmax;||z;||; otherwise, find i, = argmax;||(Iy — P)z;|.

Output: 0 =z;,, for 1 <k < K.

Algorithm B.3: Sketched vertex search (SVS).

Input: K, z1,2s,...,%, € R% and a tuning integer L > K.

e Run k-means clustering on x1, zs, ..., x,,, assuming there are L clusters. Denote by
U1, Y2, - - -, Y, the estimated cluster centers.

~

e Input 41, 9s,...,yr to Algorithm B.2 to obtain vy, 0o, ..., Uk.

A

Output: @1, @2, o, UK.

B.1 Choices of the plug-in VH algorithm

In our theoretical analysis and most simulations, we use successive projection (SP) [2] as the
plug-in VH algorithm. The details of SP are presented in Algorithm B.2. When plugging
this algorithm into Algorithm B.1, we need to pay attention to the dimension: Algorithm B.2
requires that the input point cloud is in a dimension d > K. However, each 7; is in dimension

K — 1. To resolve this issue, we follow [0] to let

;= (1, ™), 1<i<n.

7

Now, each z; is in dimensional K. We input x;’s to Algorithm B.2. The output 0y, 0, ..., 0k
will also be in dimension K. Since the first entry of each x; is 1, the first entry of each vy, is
also 1. We then remove this first entry and output the (K — 1)-dimensional sub-vectors of
01,02, ..., 0k. As argued in [0], this has no effect on the vertex estimation accuracy.

SP performs well when the noise level in xq, xs, ..., z,, is relatively low. When the noise
level is relatively high, [6] recommended to ‘de-noise’ before running SP. They proposed the

sketched vertex search (SVS) algorithm, which uses k-means to denoise. The details of SVS
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can be found in Algorithm B.3. We also refer the readers to [7, Section 3.4] and [5] for more
options of VH algorithms. In our simulation studies, we use SVS only in Experiment 2. This
experiment studies the node-wise errors. Compared to the ¢!-loss used in other experiments,
node-wise errors are more sensitive to the noise level. This motivates us to replace SP by
SVS. SVS has one tuning integer L, which is set as L = 5 in Experiment 2.

Remark: In Algorithm B.1, we apply the plug-in VH algorithm on the trimmed point
cloud: {#; : d; > vd}. Our rationale is that the noise level on low-degree nodes is too high, so
these points should be trimmed to improve performance. This trimming can also be viewed
as a ‘denoising’ step. Therefore, when we plug SVS into Algorithm B.1, we actually conduct

two rounds of denoising (trimming and k-means) before running SP.

C Additional simulation results

In this section, we present the additional simulation results, which are omitted in the main

paper due to the space constraint.

C.1 The weighted ¢!-loss

We recall that most results in the main text are for the unweighted ¢!-loss. In Section 4.3, we
extend the theoretical results to a general loss function parametrized by p and ¢. A special

case of p=1/2 and ¢ = 1 is called the weighted ¢!-loss:

e N
L (H,H):me{ﬁ;\/;HTm—mHl}. (C.1)

Compared to the unweighted ¢!-loss, this performance metric down-weights those errors in
low-degree nodes. In Figure 3, we report the unweighted ¢!-loss of MSL and Mixed-SCORE
in four different cases of degree heterogeneity and various levels of network sparsity. We now
provide more results of these simulations by reporting the weighted ¢!-loss in Figure C.1.

The conclusions for the weighted ¢'-loss are similar to those for the unweighted ¢!-loss:
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Figure C.1: MSL v.s. MSCORE (n = 2000, K = 2, z-axis is W, and y-axis represents the
unweighted ¢!-loss in (C.1)). This figure complements Figure 3 in the main text by reporting
the unweighted ¢!-loss.

MSL greatly improves the conventional MSCORE in the last three cases, Pareto, Gamma,
and Two-point mixture, which are the cases of severe degree heterogeneity. Furthermore, if
we compare each panel in Figure C.1 with the corresponding panel in Figure 3, we find that
the value of the weighted loss is significantly smaller than the value of the unweighted loss in
the case of Pareto and Gamma. This is because the node-wise error is a decreasing function
of #;; when low-degree nodes are down-weighted and high-degree nodes are up-weighted, the

loss will decrease.

C.2 Other values of K

The simulation experiments in Section 6 focus on K = 2. We now consider other values of
K and investigate how the performance of MSL changes with K.

Fix n = 5000 and let K range in {3,4,...,10,11}. Given any 3, € (0,1) and b,, > 0, we
let P = B,Ix + (1 — B8,)1x 1} and generate 0 as follows: Draw 69,62, ..., 6° % Uniform(0, 1)
and let 6; = b,-n6?/]|6°||; for 1 <4 < n. We remark that this is a severe-degree-heterogeneity
case: Since the support of Uniform(0, 1) contains the neighborhood near zero, 6y /Omin can
be potentially large. We generate II in the same way as in Experiments 1-2: Set m; = (1,0)’
and m; = (0,1)" each for 15% of nodes, and let m; = (¢;,1 — t;)" for the remaining 70% of
nodes, with ¢; Uniform(0, 1). Write SNR := vnf2(1 — P(1,2)) = b,S./n. We set b, (= 6)
such that nb? = 800 and select /3, accordingly such that SNR = 4/500. Figure C.2 reports

11
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Figure C.2: The ¢!*-loss of MSL under different values of K (n = 5000).

the (*-loss (averaged over 100 repetitions) of MSL for different K.
The results suggest that the ¢*-loss of MSL increases with K. We recall that the minimax
rate is proportional to K+ K “asymptotically.” However, for these “finite” K here, we observe

that the error grows with K approximately linearly.

D Auxiliary lemmas on regularized graph Laplacian

Given 0 = (61,0, ...,0,), recall that § = n~! > i, 6;. We introduce two disjoint index sets:

Si={1<i<n:0; >0}, Sy={1<i<n:0; <0} (D.1)

D.1 Properties of L

_1
2

1
Recall that Ly = H, *QQH, *. We state the following three lemmas which give the spectrum

properties of Ly and also the estimates of the degree regularization matrix Hy.

Lemma D.1. Under the conditions of Theorem 4.1,
M >0, AN x1, Mgl =< K '\g(PG), M\ — max |[\] > e\ (D.2)
2<k<K
Lemma D.2. Under the conditions of Theorem .1,

1 91/5, iESl, . C\/F 92/5, iESl,

(D.3)
01/9, 1€ SQ, 01/5, 1€ 52,

12



and
nQZé, 1€ Sl,
Hy(i,1) < (D.4)
TLQ_Z, 1€ Sy.
Lemma D.3. Under the conditions of Theorem 4.1, with probability 1 — o(n™=3),

C
NOYER

The proof of Lemma D.1 is straightforward by noting that Dy = H (see the definition

V1
11, 5| < SV Jff“” | H (A = ) Hy | < (D.5)
n

of Dy in Section 2) and therefore Ly share the same eigenvalues as K~'PG. Immediately,
one can conclude (D.2) from Condition 2.1(b) and also the fact that A\ (PG) < K which is
derived from Condition 2.1(a) and (b). In the sequel, we show the proof of the Lemmas D.2
and D.3. Before that, we introduce the Bernstein inequality which we will use frequently to

bound sum of independent Bernoulli entries.

Theorem D.1 (Bernstein inequality). Let Xi,---, X, be independent zero-mean random

variables. Suppose that | X;| < M almost surely, for all i. Then for all t > 0,

P(’;Xi

with o? =Y " E(X?). In particular, taking t = C(o+/log(n)+ M log(n)) for properly large
C, then

t2/2 )
o2+ Mt/3)’

2t>§2exp<—

< C(o+/log(n) + Mlog(n))  with probability 1 — o(n™>).

2%
i=1

Remark D.2. The exponent in the high probability 1 — o(n™°) can be replaced by —C for

any large positive constant integer C' by appropriately adjusting the constant C, which
depends on C. Therefore, as long as we employ Bernstein inequality at most polynomial
times in n to obtain the ultimate upper bound, the result still holds with high probability by
adjusting the constant factor in the bound. Specifically, we can achieve a high probability
of 1 — o(n™?) by choosing a sufficiently large constant C' in the upper bound. Throughout

the supplement, we sometimes omit specifying the high probability when applying Bernstein
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inequality for simplicity. It should be noted that in our analysis, Bernstein inequality is

applied approximately O(Kn) times.

Proof of Lemma D.2. First, we show (D.4). Uniformly for all 1 <7 <n,
Edz = Qz ZGjW;Pm = 02 ZQJ Zﬁj(k‘)e;f’m Z clnﬁzé/K . 1lKP7Tz Z clcgnezﬂ_ (D6>
i itk
by the last inequalities in Condition 2.1(a) and (b). On the other hand, 7 Pm; < max; , P(t, s)
for all 7, j, then Ed; = 0; Z#i Qjﬂ';-Pﬂ'i < enh;0 for all i. As a result, Ed; < n6,0, Ed < nb?;

and further

_ nGZé, 1€ Sl,
Ho(i,i) = Ed; + Ed <

néZ, 1€ Sg.
This completes the proof of (D.4). Next, we turn to prove (D.3). By the definition Ly =

1
2

_1
H, 2QH, 2, there exists a non-singular matrix B € RF*X satisfying

= = H, *OIIB, BB' = (I0H, '61) .

Using Condition 2.1(a) and Hy = Dy, one gets |BB'|| < K¢, Ain(BB') > Kc™'. Write

B = (by, -+ ,bx). We have Kc™! < ||b;|> < Kc for 1 <4 < K. Taking the i-th row of =,

—_ 97, / 91 , 1 91
IZ0)] =~ =Bl < Cyf BB < OVE ([ 2
v/ Ho(i,1) no nd

For the leading eigenvector &;, we have

0;
HO@? l)

/

(i) =

It follows from Lo= = EA that H, *OIPI'OH; 'OIIB = Hy *OIIBA, which implies that
PI'OH;'OIIB = BA. As a consequence, b; is the first right eigenvector of PII'©H, 'O1I,
and equivalently, the first right eigenvector of PG. Using Condition 2.1(c), we easily conclude
that by(k) > 0,by(k) < 1 for all 1 < k < K. Then, 7ib; < 1 for all 1 < i < n, and the

entrywise estimate of & simply follows from (D.4). O

14



Proof of Lemma D.3. Recall the definition of Hy, H. We write

H(i,1) d; —Ed; +d —Ed
Ho(i, i) Ho(i,i) § ’ ’

By (D.4), we easily see that Hy(i,4) < nf(6;V0). What remains is to estimate the numerator,
or d;—Ed; for all 1 < i < n. This actually can be achieved by employing Bernstein inequality.
Applying the Bernstein inequality (Theorem D.1) to d; — Ed;, we see that

142
P(}ZAZ]—EAZ]‘Zt>§2€Xp (— 2 1 )

where M = sup, |A;; — EA;;| < 2. Moreover, we have the crude bound

ZvarAij < cnb,f.
J#i

Taking t = C'\/log(n)\/nf; V log(n), it gives that | > it Ay—EA;;| < C/log(n)(nbb; V log(n))

with probability 1 — o(n™°). Consider all i’s together, one gets

<U{‘ZA” EAU\>C\/K( nd;0 v v/log(n )})<cn_4.

i=1 L

This, combined with Hy(i,7) < nf(6; V §), implies that

AN s o] Ed| |d; — Ed)| —Ed|
1 — H(i,i)/H, ‘<
‘ (1)/Ho(i, )| < Ho(i,1) Z Ho(1,1)

/log /log /9J log(n

n92 nb2 Zmax A n02

log(n log(n log(n)
OF aF Zf V) < F

with probability 1 — o(n™3) uniformly for all 1 < 7 < n. Here in the last step, we used

| /\

the Cauchy-Schwarz inequality > i1 \/9_ < Vny /S it = nV0. This finished the first
estimate of (D.5). Now, we proceed to the second estimate. We crudely bound ||Hy “/*(A —
O)H; 2| by ||Hy W Hy 2| + || Hy M diag(Q) Hy /?||. First, it is easy to get the bound

2,/
—1/2 4. -1/2 6’1 ZP?T O O
[Hy " diag(2)H, T < € max e < 05 <

;

15



Next, we apply the non-asymptotic bounds for random matrices in [3] to bound the operator
norm of W := Hy Y ‘WH, 2 Note that W is a symmetric random matrix with independent

upper triangular entries. Using Corollary 3.12 of [3] with Remark 3.13, we bound
P(|W| > C5 +t) < ne /<"

for some constant C, ¢ > 0, with

G =max [Y EW(i,j)? <1/Vnf2, &, =max|[W(ij)|e < C/nb>
7 N ,]
J

Then, we take t = ¢/vnf? for properly large ¢ > 0 and use the assumption n6* > log(n).
It follows that H/I/T?H < C/Vn#? with probability 1 — o(n™?). We thus complete the proof of

Lemma D.3. O

D.2 Properties of L

In this section, for an arbitrary fixed index ¢ and the intermediate matrix L®  we collect the
spectrum properties of L and estimate on H® in the lemmas below. Let E be the event

that Lemma D.3 holds.

Lemma D.4. Under the conditions in Theorem /.1. Quer the event E, for any fized 1 <
1 < n, the eigenvalues :\gi), e ,5\? of LY satisfy

A >0, AW =1 DN = K Pe(P@)], A = max ] > 0"\ (D)

2<k<K

and for the associated eigenvectors,

@) 1 9j/é’ ‘7 € Sl’ () ( CvK ej/gﬂ ] € Sla
& () = NG i IEM ) < 7 ) (D.8)
0;/0,  j€ S, 0,6,  j€Ss.

Lemma D.5. Under the conditions of Theorem 4.1. Qwver the event E, for any fired 1 <
i<n and HY,

o 1 - V1
I~ Bt O < © % s—n)7 11, — ()] < © \/07%2 - (D.9)
n n
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In addition to the above lemma, by Theorem D.1 and after elementary computations, we

also have that for each 1 < j < n,j # 1, over the event E,

HOG )~ HGA)| = |- W00 - > (S WG.9)]
s£i
<| —A(j,fé)m(j,z')—%(Zwu,s))\
i
< A(j,i) + 0,0, + CY b elog” Clog(n). (D.10)

n

and

|AD i) — H,i)| < (1+ 2/n)‘ S Wi,s)
SF£1

< Cy/nb;flog(n) + Clog(n). (D.11)

Applying (D.10) and (D.11) with Lemma D.3, it is easy to deduce the estimates in Lemma

D.5. To show the eigen-properties of L in Lemma D.4, one only need to rely on the estimate

IEO — Loll = 1 — Hy HOxa(Lo) < 01 2B g

under the assumption of Theorem 4.1, then (D.7) can be derived simply by further applying
Lemma D.1. Moreover, (D.8) follows from Lemmas 5.1, E.1 and D.2. Thereby, we omit the
proofs of Lemmas D.4 and D.5. We comment here that the proof of Lemmas 5.1, E.1 only
depends on the lemmas in Section D.1, i.e., the properties of Lo, not the properties of L®

There is no circular logic for the lemmas presenting in this subsection.

D.3 Variants of Davis-Kahan sinf Theorem

In our analysis, we heavily rely on the use of Davis-Kahan sinf theorem under different
versions. For readers’ convenience, we collect all the variants we employed in our theory
below.

Theorem D.3 (Davis-Kahan sin® Theorem and its variants). Let ¥, 3. € RP? be symmetric,

~

with eigenvalues Ay > --- > X\, and 5\1 > - > )\, respectively. Fiz 1 < r < s < p,

17



let U= (up, - ,us) and U+ = (uy, -+ ,up_1,ust1, "+ ,up) be the orthonormal eigenvectors
such that Yu; = \ju;, similarly we define U,UL for $. Denote § := inf{|5\ — Al A€

s Asl, A € (=00, A1) U [Agy1, 00)} where we take the convention Mg = —oo and Ayypq = 0.

Then,

1% =X

|0 = [sne(@,0)] < ==

(D.12)

for some constant C' > 0. Moreover, there exists an orthogonal matriz O of dimension

s—1r+1 such that

R 3 —3\?2
|WU—0M§00—715, (D.13)

1% — 5|

U -Uo|<C -

(D.14)

for some constant C' > 0.

Note that (D.12) is the version of sin® theorem proved by Davis and Kahan’s original
paper [1]. The proof of (D.13) can be referred to Lemma B.2 in the Supplementary of [1].
More specifically, O' = sgn(U’U) = UV’ where the SVD of U'U is given by UAV’. By Chp
I, Cor 5.4 of [3], the singular values in A are the cosines of canonical angles 0 < 0, <--- <

Orin < /2 between U and U. Tt follows that
|U'U —O'|| =1 — cosOy_pyy < 1—cos?O,_, 1 =sin?0,_, 1 = ||sin©OU, U)|?
Thus, (D.13) follows directly from (D.12). (D.14) is implied by the simple derivations

U —UO|? = ||2],_y1 — U'UO = O'U'U|| < 2|U'U - O]

E Entrywise eigenvector analysis

Here we show the complete proof of Theorem 4.1 in our manuscript. In Sections E.1-E.3, we

state the proofs of key lemmas for proving (J.3), while the claim of (J.3) is already presented

18



in the manuscript. Section E.4 collects the proof of the second claim in Theorem 4.1 (i.e.,
(J.4)) which provides the entry-wise estimates for the 2- to K-th eigenvectors. Similarly to
the proof of the first claim in Theorem 4.1 (i.e., (J.3) ), we introduce three key lemmas, Lem-
mas E.1-E.3, counterpart to Lemmas 5.1-5.3. The proofs of Lemmas E.1-E.3 are provided

correspondingly in Section E.5-E.7.

E.1 Proof of Lemma 5.1

In this subsection, we show the proof of Lemma 5.1 using the eigen-properties of Ly in
Section D.1.
Fix the index i, we study the perturbation from Ly = Hy "/*QHy "/ to L® = (HO)~1/2Q(HD)~1/2,

By definition,

K
Lo=Hy PQH " =3 NG, (HO)PHEO) ) = AP
Write ¥ = V@ := HY/?(H®)=1/2. Then, we have
~ K ~ o~ ~ . ~f
V(O M6 Ve = AP
k=1
It follows that, for each 1 < j < n,

L oy _ MEYE) S MEYE) -
}7(]’]>£1 (.7) S\y) 51(])—1—; 5\51) ék(j) ( : )

As a result,

)\1(5& - 1‘|§1 |+Z‘%‘lgk

EPU>—&UNs]—F—— 1]1€0G)1 +

(E.2)
By Lemma D.1, || Lo|| < CK~*X\(PG) < C. And using the first estimate in (D.9), it is easy
to conclude that

IV = Ll = |1 — (B5 BO)4| < S¥108ln), (E.3)

no?
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over the event E where Lemma D.3 holds. As a result, we have | L®) — Lo|| < [|[(Y —I,)Lo| <
CK=\(PG)||Y — L] since L® = Y LyY. Using Weyl’s inequality, we then see that

ax [N =l < [ILY — Lol < CKTM(PG)Y = L] < CIIY ~ L]
since A1 (PG) < CK under our model assumption. Furthermore, by Lemma D.1, the eigen-
gap between the largest eigenvalue and the other nonzero eigenvalues of Ly is at the or-
der K~'\{(PG). Hence, the eigengap between )\; and S\S), e ,5\%) is still of the order
K=\ (PG). Tt follows from the sin-theta theorem (D.13) that

gVEY -1 < lgg” — 1+ 6 - L)E"]

< CUN PO)IED — Lol + IV = L < IV — L],

Here sgn(ﬂéi)) = 1 since we fix our choices of fl,éi) with positive first components and

they are both from the positive matrices. Then this will be claimed by Perron’s theorem.

Using Cauchy-Schwarz inequality, we bound 2522 lgkyfli)ﬂfk(j)] < HE’lfféz)HHEl(j)H

And by sine-theta theorem (D.12),
IEYEN < IEPYVEN + 1Y~ L]

< C(EN (PG)ILY — Lol + 1Y - L)

<CIY - Ll
Plugging the above estimates, we have

£7G) — @I < CIY = LIIE @]+ CIY = LIIEG)

< CIY = LIIEYG) = &)+ CIIY = LIIEG)]-

Since ||Y — I,|| = o(1) over the event E, rearranging the terms gives
870) —a@I < CIY = LIIEG).  forall<t<n. (E4)

We plug (E.3) into (E.4) and use the bound for ||Z(j)|| in (D.3). It follows that over the

event F, for all 1 < j <n,

@%ﬁ—&mhgw%y5§?¢%(¢%AQ (E5)
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Then, consider all i’s together, we conclude (31) with probability 1 — o(n?) simultaneously

forall 1 <1,5 <n.

E.2 Proof of Lemma 5.2

In this subsection, we state the proof of Lemma 5.2 which heavily relies on the eigen-
properties of L in Section D.2.

Fix the index i, we first show (33) which is based on the decomposition
3 (l) @) O
wé =& (f 51 )+ (wé — &)
where w = sgn(&/&;) will be claimed later. Tt is not hard to derive

=0 0 -3 -3 3 -1 3¢ frG)y—1 270
i Awés — &) < [|A[|lwey — &7 < | Hy * W Hy * || Hg H= ||| Hg (HO) = lwé = &

C s =()
< 7= w& = ¢
\/W ” 1 1 H
over the event £, in light of Lemmas D.3 and D.5. We thus end up with (33) . We
now turn to prove (32). We study the perturbation from L(®) = (HO)~1/2Q(H®)~1/2 to

L=H'"?AH"'2 Write X = X (i) := (HD)Y2H~'/2. We can rewrite
L=XHD)2AHD) 2 X = XLOX — X(HD) 2diag(Q)(HD) 2.X + XA

with A = (H®)~"2WH /2, By definition, L& = (H®)~12Q(H®) 12 = 325 AP (60

and H-YV2AH-12¢, = \&,. Tt follows that

D@ XENXED — X(HD) 2diag(Q)(HD) 2 XE + XAE = My

Mx

k=1
As a result,
N @) &y &) LY z)
51(2) :)‘1 (£§\X§1 ) +Z A legk ) X (4,4) ”]ii)(z-)
1 =2
IS U (W /
)\1 l)(z Z) 51(2) + 5\1 Gzﬁél. (E6>



By Lemma D.5, it is easy to deduce that

log(n)
X -1 | <N E.7
I | Ny (E.7)
Since (D.7), by Weyl’s inequality,
lg}%({lAk MY <L - L9 (E.8)
and over the event F,
= (i _1 _1 Fr (i) — _ _
IL— LO| < CIIX — L H 2 AH=2|| + [|(HD) ™ Ho || Hy *(A — Q) Hy 2|
< C X = L[| Hy *QHy * || + |(B9) = Ho| Hy (A — ) Hy 2,
K=\ (PG)\ /1 1 ]
vV nb? 9

since Lemmas D.1, D.3 and (D.7) with the condition Kf;%4/log(n)/vnf? < 1. There-
fore, 5\1, e ,5\ k share the same asymptotics as 5\?), e ,5\5?. The eigengap between A1 and

A 3D s KU (PG). Let w(i) = sgn(€€™). Tt follows that

€ XED —w(@)| < ||X — L] + €7 —w(i)]

~ . 2
<X = L]+ C(KX (PG |L — L9))) (E.10)
where the last step is due to (D.13) in sin® Theorem . In particular, further by (D.14)
16X G < IX = L]l + CEA (PG)|L — LY. (E11)

We can actually claim that w(i) = w := sgn(&&;) as follows. First notice €], — fiél)] <
||§§’) — &1l = o(1). Next, \é{é% > ¢ for some constant ¢ € (0,1). It follows immediately that
w(i) = Sgn(ﬂéi ) = sgn(€&) = w. In the sequel, we directly write w instead of w(i). We

plug in (E.8), (E.10) and (E.11) into (E.6). By some elementary simplifications, it arrives at

wé () = &) < (I1X = Ll + KT (PA) L= L)) (16 0] + IEP @)l
‘X2(i,i)§2(z’,i)é (z’)‘ N ’MeQA& .

i E.12
MA@, M 12
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We can further derive

X (0,02 Q0i1) ¢ ' CK6?
MADG D) | T @V 0\ (PG)

< CKAl‘l(PG)mZ-( % A 1), (E.13)

by the estimate H®(i,4) =< nf(A V 6;) following from (D.4) and the first estimate in (D.9),

with r; = ¥ 122(71) : \\/f?' Then, plugging (E.13), (E.7) and (E.9) into (E.12) gives

wéi(i) - £76)] < (/5 + i g =) (0] +1201)

+ CEAY PGk, (\/% A 1) + KA Y(PG)|elAé|

0, .
< Ok (, = 1)K%>\1‘1(PG) L KA Y (PG)|elAé|
where in the last step, we plugged the bound of |§§z)(z)‘ and ||Z@(7)|| in (D.8). Since the
assumption A\ (PG) > CK, it gives that over the event E,

wé (i) — & (i) < OVEr; + Cle}Ay).

This concludes our proof by considering all i’s together.

E.3 Proof of Lemma 5.3

In this section, we prove Lemma 5.3. We separate the proofs into three parts corresponding

to the three estimates (34)-(36).

E.3.1 Proof of (34)

For any fixed i, recall that X = X (i) := (HO)V2H12. We rewrite A = A(i) =

(HO)~— 2 W (H®D)~2X . It follows that
WHD) XE  WEHEHD) Y WEHEHD) 2K - L)E

HO (4, 4) H® (i, d) HO(i, 1)

v

First, we study the term |W (i)(H®)~/2E"|. Write

W) egt =y L0 gy

1<j<n:j#i A/ HO(j, 7)
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In the sequel, we only consider the randomness of the i-th row of W. Note that the mean is

0. The variance is bounded by (up to some constant C)
00 (z):0\2 0:0; (70 .2 o i
_ - < = < —.
; we, v o) & U < ; n,0 )" =0
Recall the definition of index sets 51,52 in (D.1) . Each term in the sum is bounded by
RO A
76 (5 5 o a.
HO(j, j) 0;/0, j €S,

following from (D.8) and the estimate H®(i,i) =< nf(A V ;). Applying Theorem D.1, one

see that over the event F,

N )y —1/2 £ 6;1 1
}W(z)(H()) 1/25” <C (;%(n) Lc Oi%n)

Hence, over the event F,

WiA) 36 osn) ¢ VB, Vos(n)
HO) (i, 7) =¢ nd ( \/— \/7> (E.15)

by using the estimate H®(i,7) < nf(f V 6;) and the definition of &; in (34).
Next, we study the term [W(i)(H®) 2(X — In)§~§i)|. Over the event E, by (D.10), we

have

[H(j,j) — HO (4, )] CA(Z}J')+9z‘9j+9i9_+10g(n)/n

X(. ) -1 <C < 07 IEA
(5, §) HO (3, 5)
(E.16)
It follows that
o X(,5) — 1" 0)
WEED) X -1)E = | 3 W)
1<j<n:j#i H<)(]a])
XG5 - 1€
1<j<nij#i HO(5,5)
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o ~ log(n),  1€7()]
1§j§j7§i ’ n [H( )(j ])]3/2

where in the last line we have used the fact that |W(i,5)] < 1. We apply Bernstein’s

inequality. The mean is bounded by (up to some constant C')

Z 0:0; + 0;0 + log(n)/n _ \/E < Z 0; + log(n)/(nf) <

i log(n)
WGV D2 g (n0)? )

2 TL@@Z

JF J

The variance is bounded by (up to some constant C)

0;0; () ) 2 1 0:0; =y, \\2 1 0;
;—(ne@v@))g(a (7)* < (nQQ)angjg(sl O < o

Each individual term is bounded by (up to some constant C)

C 1/(”939)7 JES

F(@)
TR 5
(9,9 n - n
We then have
NN ~(i 0, log(n)
W (HD) 2(X - 1)) < 0= (14 ==
WEED) X - 1087 < 00 (14500
As a result, over the event F,
W (i) (HD) A (X — 1)) <£_ log(n) _{log(n
HO(, 1) - "92 ”99 "92 /nb? log(n) 10g( )

(E.17)

We plug (E.15) and (E.17) into (E.14), and consider all i’s over the event F, then we conclude
the proof of (34).
E.3.2 Proof of (35)

Similarly to (E.14), we have

WEOED)E - &) CWEOED) MK - L)E - &)

/ —=(1) ~(i
A€ — D) <
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(4)

We first study the term [W (i) (H®)"2(&)” — £9)[. Write

' N O =(i) /.
WD) RED 8~ 3 W@Mg@»—ﬁmy

1<5<n:j#1 H(l)(jaj)

We shall apply Bernstein’s inequality since (H®)~/ 2(59 — 9y is independent of W (i). The

variance is bounded by (up to some constant)

> UG -G < YD EG) - G <
nd(6; v 0) nb,;0
gt N i

Each individual term is bounded by ||(H®)~1/2 (Egl) — €M) |loo. As a result,

W (@) (HD) 72 — )]

611 i ~(1
ga—j§@+cmgnu 9)12ED g0y
V01 o .
SG—j%J+CbQHK D) 12(wy — €0 + Clog(m)[[(HD) 2 — wé)))|
01 C1 .
< VP L Cloglu () 2w — &)l + AT ED - wi)
Further,
7 -1/2(g _ &)
HO(, i)
~ ~ A EN=1/2/, & () Clog( ) 3
< CFi + CFmf | (HD) 2 (wé) — 7)) + ——2 |8 — wéy |
(E.19)

by the definition of &; = /"B /nh; v log(n).
We then study the term |W(i)(H®)"V*(X — In)(Eﬁ” — &)|. On the event E, recall

(E.16). It follows that

W (i) (HO) (X = 1,)(E — &)

-y w5 K Ud) = 1@()—@@M

1<5<n:j#1 ‘g(Z)(]h])
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S i KGR - 6°6)

1<j<niit HO (5, 5)

IN

.. = =), . i), .
co Y Al 00,500 Flogm/n [67G) ~ &0

)
1<j<niji HO(.7) VD7)
)|

We now decompose the RHS above by Z; + Z,, where

)
7, = Z A(i, j) alx) Egi)(jz—w&J

iU + 0 - '
1<) <nijti HO(j. ) \VHD (4,5
)

(
(7,7)
Ly Aldd)+00 + 00 + 250 g (j) - ( )(

1<j<nij#i HO(j, ) VHD (G, j

We bound the sub-terms separately as below. By Cauchy-Schwarz inequality,

7]

A(i, ) + 60;0; + 6,0 +1og(n)/n)>\ 3, .

r<( Yy ALIEOSLO0 LW e g (Ban)
il HO(j, 5)

<j<nij#i

And we crudely bound

A(i, ) + 0:0; + 0:0 +log(n)/n =@ 1~ )
L< D SO (D)2 (€] = &) | (E.21)
1< <nijii HO(3, )

Applying Bernstein inequality (i.e., Theorem D.1), similarly to the analysis of the term

W (i) (HD)"2(X — [n)£§’)| in Section E.3.1, we can have the estimates

> (A(3,7) + 0:0; + 0,0 + log(n)/n)2)é <ol ¥ A(i, §) + 0,0; + 0,0 + log(n) /n\ 3
1<j<nij£i HO(,5)? s HO(j, j)°
<n99 + log(n ))1

n02
/ log(n
C \/7 E.22
n6’2 n92 nb? ( )

Z A(i, ) + 0;0; + 0,0 + log(n)/n <C <9¢ log(n)>
1<j<nijiti HO (G, 7) TG

IN
Q

IN

and

(E.23)
over the event E. We thus conclude that
W (i) (HD) (X~ 1)(E — €7
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81' | A 1~ o 1 91 1 1 —=(2 o
< (B 2B 0y 4@ e+ 0% L gy

Further with H® (i,7) < nf(6; V §), we have

W (i) (HD)2(X — 1,)(E — &)
HO(4,1)

< CRmB)|(HO) V2 (wé; — )| + C(n8?) 3 &) — wéy| (E.24)
over the event F. Now, plugging (E.19) and (E.24) into (E.18) and combining all i’s, we
thus finish the proof of (35).

E.3.3 Proof of (36)

Note that fl is the first eigenvector of (H®)~1/2A®(F@)=1/2_ The eigen-gap between A\

and D\S | is of order K~'\{(PG) =< 1 in light of Weyl’s inequality

—(3 N ~ o1 ~ . ~ Ny 1 l
max X — 30| < (AO) (A0 — Q)(AO) ] < 0y /2280 (E.25)

i no
and K1\ (PG) > /log(n)/n6?. Similarly, the eigengap between A, and ]Xéi)\ is of order
K7\ (PG). We claim that sgn(éggi)) = sgn(é{éz‘)) = w. Notice that y(ég)é” — (é{)é% <
||§§“—§§i> || = o(1). This, together with the fact that |(£])E\”| > ¢ for some constant ¢ € (0, 1),

implies that sgn(ffgi)) = sgn(é{éi)). Moreover,

1€ — wéil| < KA (PG| (HD)2AOHD) 2 — H2AHY2)

::AZ;)EA
Recall X = (H®)Y2H-1/2_ Tt is seen that
A= (HD)2(AD — A)(HD)"2 + (HD) 2 AHD) 2 — H 3 AH %)
= —(HD)2 (e;W (i) + W (i) e (HD) ™2 + (HD) 2 A((HD) ™2 — H™3) + (AY)"2 — H™'/%)AH
—(HDY~2(e;W (i) + W (i) e)(HD) 2 + (HO) 2 A(H) 2(I, — X)+ (X ' — I,)H 2AH 2.
By definition, HY2AH1/2¢, = M\ &;. It follows that

~ A ~

A&y = —(HDY 2 (e;W (D) +W (i) e}) (HD)~2E +(HD) "2 A(HD) 7 (L= X) € +M (X' =1,)6).
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As a result,

I(EHD)~ 2w @)

169 — wéy| < K7 (e WO + KNH(PG) R &)+ C(In — X))
H®(i,4) H®(i,4)
_ NHD) 28|  CKATNPG), ;. .
< KA (PG) E0G.0 + v 1€1(4)] + C|( ISH|

+ ——=[E9(i)]
O (G, 4) Nz

WEED) 26|, 5

< CK)\l_l(PG)<

" o
i) - <>|)+c||<f Xl

<om1—1<pa>< (i) — <>r>+cu<f X,

(E.26)
where in the first line we have used ||(H®)~2A(H)~1/2|| < CK~'A\(PG) and | X —1,,|| <

1/2, in the second line we have used the estimate

(O, )) S |(AO) W ()| < /W HEO)TWGY [y HOG,)

< V(6:/0) v v (log(n n)/nb?) < C(nf?)} (F.27)
nd(0 v ;)

by simply using Bernstein inequality to W (i)(H®)~'W (i)', and in the last line we have used
(D.3).
We consider the first term in (E.26). Note that

W (i) ()3 |W<z'><ﬁ<f>>-%<2§“—sf>| W () (D)% ||lwéy — &

0
HO(4,1)  HO(i,4) HO(i, ) HO(i,4)

)
F(i)

W(i)(H) 320 WE @A) 3E —EN o . e
 WOUEOE) | WA SE -, e gy
\/ HO (i) HO) (4,4) vnb
In (E.15) and (E.19), we have seen that the first two terms are bounded by
~ ~ Fr(i)\ — n), =@ o
(1 (O3 wdy — 7)) + B g gy
up to some constant. Combining the above gives
W@EHD) 26| _ Jil( F7 - log(n) =~ 1\ _ ¢
61 S - )+ (5 AR -
H)(3,49)
(E.28)
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We plug it into (E.26) and move all terms of ||E§l) — wé|| to the left hand side. It follows

that
. R ) SN OYF R
€9 —wéy]| < CEATN(PG) (m(Hnen( O wh—7) ) + DD (Z)‘)w”u”_X)&”
(E.29)
Below, we bound [|(1, — X)&||. Note that
(L, — X)E | < N1(Ln = X)E + (1 — X)(wé; — )], (E.30)

where
15 = X)E* < 31X 0.9 = 1PETG) = (1)

(7, — X)(wés — EN? < NHD) 2 (wé — ENZ -3 1X(5.5) — 1PHD (. 5)

=1
= [(BD) 72 (w& — &7)]1% - ().
Recall the bound of | X (j,7) — 1] in (E.16). It follows that over the event E,

A, §) + 0,0, + 0,8 + 52 2(£17 (5))?
th) <C; OGP

<CZ (i,7) + 0:6; +09+10g75n)) Eé.i)(j),)z

+ 0,60, + 0,0 + B2
A (3, 5)

(J2) S CZ |A Za])

log(n) 1
< 0.0, + 0,0 —
O}j (i, 7) + 6:6; + 6:0 + — )H@@JY

where we again use the fact that A(7,j) € {0,1}. We shall bound the two terms similarly,

using the Bernstein’s inequality (Theorem D.1). For (.J;),

e The mean is bounded by (up to some constant)

R

n

Jj=1



e The variance is bounded by (up to some constant)

" 0.0, 14
E:OWWWVHﬂQ_(nWF (nh)3’

J=1

G 1 1
1 Sm

e Each individual term is bounded by (up to some constant)

[HD (5.5)]2 (nf)?*
We then have
(1)< & b () losn) (E.31)
Y= n02no ndl; )’ '
For (JQ),
e The mean is bounded by (up to some constant)
" ~log(n) 1 0; log(n)
019 9z9 — S = )
> (0 + 00+ = )nmev@) 0 e

j=1

e The variance is bounded by (up to some constant)

o w1
— (nf)2(0V 0;)2 — nb2 0’

Jj=1

e Bach individual term is bounded by (up to some constant) =

H(jj) — nb*"
It follows that
Co;  Clog(n)
Jo) < — = E.32
()< S+ 8 (.32)
Plugging (E.31)-(E.32) into (E.30), we find out that
o %z Al Er(i)y—2 A~ =(1
I(1n = X)&ll < C—===(1 +nBl|(HD) "2 (&, = ")) (E.33)

V/log(n)

We plug (E.33) into (E.29), together with the assumption K~'X\;(PG) < 1, to get

1

no?

18 — wéi|| < CR (1 + nbl| (D) (wy — ED)|lo0) + —==|wéi (i) — EP()  (E.34)

over the event E, which proved (36) by considering all i’s altogether.
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E.4 Proof of the second claim in Theorem 4.1

In this section, we show the proof of (J.4). Similarly to the proof of (J.3), we streamline
the proof into the following lemmas. In addition to the notations in the end of Section 1,
below we will use || - [|2s00 to denote the matrix 2 — oo norm, i.e., the maximum row-
wise (?-norm of a matrix. Specifically, for any matrix A € R™™ and vector z € R™,

| All2500 = Mmax =1 [|A7||oc = max; [|A(7)]].

Lemma E.1. Suppose the assumptions in Theorem 4.1 hold. Recall k; := \/% 2—2— for

1 <t <n. With probability 1 — o(n=3), simultaneously for 1 <i,t <n,

=(i D) = 3, 0
EP WO ~ 210 < O3 k(14 7), (E.35)

for some orthogonal matrices Oéi) c RE-LE-L

Lemma E.2. Under the assumptions in Theorem j.1. With probability 1 — o(n™2), simul-

taneously for 1 <1 <mn,

1Z:() = EP ()0 < CK3 B, ks + CK B, €A, (E.36)

i i (@) ~G
VoM + Yo, (E.37)

[1]:

| AZ | < [lAZD) + [[eAE -

— & -2
1 | ="
nb?

for some orthogonal matrices Off), Oéi) € RE-LE=L gpnd Oéi) = Off)Og), where A = A(7) ==
(HON=V2PWH2 for short.

Lemma E.3. Under the assumptions in Lemma E.2. Recall the notation of k; in (34) for

1 <i < n. With probability 1 — o(n™3), simultaneously for 1 <i < n,

el AZY | < CK 7R (E.38)
6AE 200 | < CR (R(1+ (A0 HE — E000) ) + B2, ~P00)),
(E.39)
11— Z00) < ORI HE — EPON o) + e 1) - £
(E.40)
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In the sequel, we will prove the second claim in Theorem 4.1 (i.e., (J.4)) based on the

above lemmas. The proofs of the lemmas are postponed to the next three subsections.

Proof of (J.4) . Plugging Lemma E.3 into (E.37), we first have with probability 1 — o(n™3),

simultaneously for all 1 < i <mn,

CK B, \/log(n

nf?

leAZ | < CKE (7(1+nd| ()73 (E1 — E0O0) la-0oc) +
which, further substituted to (E.36), implies that

A S A3 3 1~ A i)y =L A =) A
121(6) — Y ()O || <CK28; % (1 + 08| (HD)"2(Z; — Z05) |200)

Since K*B;2log(n)/nf? = o(1), we then arrive at
122() = PO < CKEB, R (1+ b (HO)72(E1 = EP0F) 20)-
Set Oy = O\ ; (Oéi))’Ogi). Using Lemma E.1 and let ¢t = 4, we will see that
121() = 2@ < I1E26) = Z OO + 127 ()05 21
< OK26; % (14 nd)| (HD) 2 (2, — EP0) |20
over the event E. Suppose that Z/Z; has the singular value decomposition (SVD) Z/E; =
U'cos OV, we define O; = sgn(Z/Z,;) := U'V. Using sine-theta theorem (i.e., (D.13) and
(D.14)), we can derive
101 = 01l < 2151 = 01| + |[Z4E1 - O
<25 = Ol + 5 = 2000 + ()2 - 07
< CKB (Lo — Ll + |29 = LIl + |29 — Lo )

log(n)
nh2 ’

< CKp,!
by which, we will obtain
I1Z1(6) = E1() 01| < [121() = Z1(DOY| + [Z1(0)]| - |01 = O |
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< CK:2 8, "% (1 + ) (H?)"2(Z1 — ZP05)|200) (E.41)
and

1 ~ 1 ~ s 1 [log(n
1Hy *Z1(01 = O1))[l2=00 < [|1Hg *Eill2me0 - [|[01 = Os]| < CKgﬁnln_g % (E.42)

Here to obtain the above two inequalities, we used the second estimate of (D.3).

Applying Lemma E.1 again together with (D.9), (E.42), it is easy to deduce that

~ oy L ~(7 7
1(HD)72(Z; — 2P0 a0
< CIHT2(E, — 2.0 CIVH 2 (= 0Dy — =)o)
< Ol Hy * (21 — Z107) [lasee + CllHy 2 (E1(05) = ZO0S |20

_1 4 _1 ~ _ 1 i ~(i
< C|Hy * (21 — Z109) 2500 + CllHy *E1(01 — 01))Jasee + Cl1Hy * (E1(08) = Z) o500

CK3:p;" [log(n)
nb nb?2

B N
< OlHy 2 (E1 — E10)) [l2500 +

Thereby, according to the condition K*3;2log(n)/nf? = o(1), (E.41) can be further im-

proved to

Z1(i) — Z1(1) 0} < CK 28, %i(1 + nb| Hy 2 (21 — Z10}) 2500 ) (E.43)

_1
Next, we multiply both sides of the above inequality by H, ?(i,7) and take the maximum

over i since =; — =0 is independent of i, it yields that,
-1 — —_ / / -1 ~ —
[1Hy * (Z1 = Z101)[|200 = max [|e;Hy * (2101 = 51|
3,1, a—1 [log(n e
< CK28,"(nf) ™"/ §(§2> +o(||Hy 2 (B — 510} ||300)  (E.44)

Rearranging both sides of (E.44), we can conclude that

N — s ..~ - [log(n
[Hy 2(Z1 = E107)|l200 < CK 23, (n6) 1\/ 7%2)

which, further substituted into (E.43), yields (J.4) due to the condition K?3;2log(n)/nf? =

o(1). O
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E.5 Proof of Lemma E.1

We state the proof of Lemma E.1 which is quite similar to Lemma 5.1 with additional
attention to the non-commutative multiplication of matrices. Fix the index 7, we start with

the perturbation from Lo to L.

ORY = L0 = (1 (770

M\H

[1]2

)Lo(HE (HD)72)2" = v\ 66 VEY + vE A= VED
- 1o
by recalling the definition Y = H2(H®)~2. Then, for each 1 <t <n

D) =Y, )Y EV AT+ Y (1 )2 (A YEY (APY) (E.45)

[1]:

Recall (D.7), over the event E, we first crudely bound ||, (AY)~2|| by 8;'A1(PG). Then,

using the estimate (E.3), we can crudely bound the first term on the RHS of (E.45) by
I¥ (1 )ME@EVEPAD) ) < 08, 0P (IY = L& ] + 162016 ()])
< Oﬁ;l)\l(PG)niO Ay %) (E.46)

over the event F, where we used the first estimate in Lemma D.2 and sin-theta theorem for

||51~1 | that
IGEY I < CEATH(PG)ILY = Lo|| < C|IY = L.
For the second term on the RHS of (E.45), we have

(OMEEY A < CBIMPAY = L]l [E:(0)]

=
0
~
[1]2
=
—
|
[1]

IV (t,6)Z:(1)
and
2 (OMZEAY) T =SS L E M) = 20EE + () (L - LOEVA)

By singular value decomposition (SVD), we write E’lél Ucos©V' for some orthogo-

nal matrices U,V and diagonal matrix cos @ all of which are i-dependent. Setting Ogi =

(sen(Z} ég ))) = VU’ which is an orthogonal matrix, then we obtain that
1212 = 0V < CBMLY = Loll)? < CRBMILY = Loll. - (BAT)
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Here we used the fact that K3;|L® — Lo|| < CB'A\(PG)||Y — IL,|| = o(1). Further we

(O (Lo — LNEVAD) Y| < CKBYILD — Lo|||Z:(1)
< CBIM(PA)|Y — L|||IZ:@)]]

1= (¢

crudely bound

L2 (0F)] < CBIMPO) Y — L||IE ()]
N 0;
< C\/FﬁnlAl(PG)ni(l A \/; ) (E.48)

Hence,

IV (£, 6)2, () A Z YV ED (AD)

over the event .
Plugging in (E.46) and (E.48) back to (E.45), we simply conclude that
= i) = - 0;
IE7 005 ~Z:0)| < VRS MPGk (1445 )
over the event F. Combining all i’s and t’s together and noting P(E) = 1 — o(n™3). This
= K.

finished the proof of Lemma E.1 by further noticing that A\ (PG)

E.6 Proof of Lemma E.2

—2oMol 12, - F)

In this section, we prove Lemma E.2
Let us fix the index i. The proof of (E.37) is straightforward by the decomposition
( .

913
ORI RYI=a=i

where the two orthogonal matrices Oy), Oéi) will be specified later. We further bound
o

2 =) G 1

[iAE = E70) | €~ (i) ("
HO(, 1)

c .

< —|5 - 5,09
Vgt T HO

over the event E, by writing A = (HD)~Y2W(H®)~1/2X and using the fact | X|| < C
)/nb? (see (E.27)) over the event E. This, together

and [|[W (i)(HD) 2| < \/6:/0 v /log(n)
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=007 =

with the trivial identities ||62Aé§i)0y)0éi)|| = ||€;Aé(i)|| and ||62A(§§i) - =

IS AEY — ZP0DY|| implies (E.37).

We then turn to show (E.36). Note that

Ay =L = X(HD) 2

[1]>

by the notation X = (H®)2H~2. Then,
1(6) =X (@ DA () (&) XEAT + X (@ )E (DA E]

(1>

(E.49)

Recall the estimate || X — || < Cy/log(n)/vn#? following from Lemma D.5 and the prop-

erties of eigenvalues and eigenvectors of L® in Lemma D.4. Then, for the first term on the

RHS of (E.49), we have

1XG,APE () (E7) X2 < CKM PG IATIED @] (1X = Ll + 1EP) =),
(E.50)

Recall that j\j’s for 1 < j < K share the same asymptotic as A;’s in (D.2) over the event E.

By sin-theta theorem and (E.9), we have the bound

o], KPGY

FOVE | < -1 _jo) <
IE7) 21 < CEN (POIIL - LY < 0y 25 —

Thus, plugging (E.51), (D.8) together with || X — IL,|| < Cy/log(n)/Vnf? into (E.50), we

arrive at
oY (2) Z(2) /- ~(7 -~ X — — ez
(6, )APDED () (&) XEAT < CBB (1045 ). (E.52)

where we used the trivial bound A\, (PG) < CK.
=, the eigenspace

To estimate the other two term in (E.49), we need the assistance of

") and Z;. Recall that AD = Q+ W© —

of (HM)~2 A®O(H®)~2 which is counterpart to =\

diag(€2) where W@ is obtained by zeroing-out i-th row and column of . Similarly to
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(E.47), we can then claim that there exists an orthogonal matrix Off) by sin-theta theorem

such that

~ . 1 ~ /. 1 —1
OO — (0) (i) 4] < <2
ng?

M\H

=(%) = (i i _
I — 2000 < ek B (HD)

(E.53)

over the event £, where Off) = sgn((égi))@(li)). We will also need an orthogonal matrix

Os = 05(1) := sgn((Egi))’él). Again by sin-theta theorem,

=)/ N-1 7 1 1 1
IE)Z1 — Os)|2 < CKB M (HD) 2 AO(HD)"2 — H2 AH ||

< CB'M(PG)|X — || + CKB; Y| (HD) "2 (AD — A)(HD) = ||

log(n)
nh2 -

< CKB,* (E.54)

Here we used ||[(H®)~"2 A(H®)~2|| < [[(HD) 2 QH®)"z|| < K-\ (PG) to get K canceled
for the first term of second line above. We then introduce the shorthand notation Oéi) =

Oii)Oéi). And for the second term on the RHS of (E.49), similarly to (E.48), we get

1X (i, 9) = (1) AD(EP) X2 AT - 20 (0)0F||
< C(BIMPOX — Ll + KB YL — LY + 2902 — 0N ()]

< CK28, % + C|EWYZE, — OPIEY ()] (E.55)

over the event E, where we recall that x; = v/log(n)/n#2 - \/0;/nf. Moreover, we have
IE)YE -0 < B 2700 + E"Y2 -0
which with (E.53), (E.54) and (D.8) leads to
1XG )= HAOED Y AT - ZP 0P| < CK25, s (E.56)
Combining (E.52) and (E.56) back into (E.49), we get

1Z16) = EP GO < CK28, s + [ X (3, )l (HO) 2 (A= Q(HD) 2 XE A (E57)
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In the sequel, we proceed to the second term on the RHS above. First, using the trivial

bound | X (i,4)| < 2 and ||A||' < K5,

-, we have

1X (i, )e,(HD) "2 (A — Q)(HD) 2 XZ,AY|
< CKB; Y es(HD) 3 (A — Q)(HD) 2 X5, |
< cm;l(ne;(fﬂ”)-%W(ﬁ%—%xa|| + ||e;<ff<i>>—%diag<sz><ﬁ<i>>—%xé1||)

We can simply get the bound

lel(H D)2 diag(Q)(HD) 2 XZ,|| = [|(HD) 1 (i,0)Q06,9) X (1,4)2 () |
92
<Cm\|~1()||

VK 0;
gmmm@)

X (i, )l (HD) 2 (A — QHD) 2 XE AT < CK28; 'k + CKB Y€l AZy||  (E.58)

This leads to

over the event E satisfying P(E) = 1—o(n~?). Combining (E.58) and (E.57) and considering

all i’s, we then conclude the proof of (E.36).

E.7 Proof of Lemma E.3
The proof of Lemma E.3 is rather complicated. We will show the three claims (i.e., (E.38)-
(E.40)) separately in the following three parts.
E.7.1 Proof of (E.38)
Write A = (H®)~2 W (H®)~2 X, we first crudely have
IGAZPN < lley(HO) 2 W (HO) =21 + || (HD) W (HD) 3 (X ~ L) (E59)

We start with the first term on the RHS of (E.59).

Nl 1 1
lef( i) 3w ()3 = |

== Ao
i B = :1 .
H®(4,4) HO) (g )(t,1)




Thanks to the independence between éﬁ“ and W (i), we can estimate >, VIZS)Z t)é@( )
componentwisely by Bernstein inequality with respect to the randomness of W (7). For each

2 <p < K, we can bound the variance of )} , Wit

(4)
=1 i) F (t) by

n n

W( ) i - - Qi‘gt =(4 2 92“91; (i 2
“4%}7;@;5<0 2 Fowy &' O) <€ G5 & 0) <C

§|cc

Each individual summand can be bounded by C/nf over the event E. As a result

‘ngm@)‘ < C’( 0ilog(n) N log(n)) - Clo—g()

— nf6; V log(n)
= JEOM® nf nf

n

Further with H®(i,4) < nf(6; V §), we finally conclude that

AN FW A BED ) = | =3 =) < oK R (B60)
A/ H® (i,1) HO(t,1)
Next, regarding the term ||e}(H®

D)3 W(HD) "3 (X — 1,)=1"]|, using the estimate (E.16), we
can derive

nwwxﬁ@rax—wmﬁ%

log(n)

=(
- = 5 1= (@)
H®(4,4) (4,1) t=1,ti |[HO(t, )]

. ) 0 log(n)
< A(i, t) + 0;0, + 0,0 + =57 IIW o)
= i HO 3 1
HO(,7) t=1,6i [HO(t,1)]2
< OVE Ll (E.61)
log(n)

where the last step is analogous to how we get (E.17) by Bernstein’s inequality and one

can refer to the details in Section E.3.1. Combining (E.60) and (E.61) into (E.59), and

considering all i’s, we thus conclude (E.38).

E.7.2 Proof of (E.39)
The proof is similar to the proof of (35) in Section E.3.2. First, by definition, we bound
=) =) A Sr(i)\ — L —1 =) =E) A6
IGAE" = ZPO <l ()W D)3 () - 2000)|
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F7(i)\— % (i) —3 =) =6) 6
+ e (HO)2W(HD) (X - L)(E P00 (E62)
We rewrite the first term on the RHS by
i Friin—1 =0 =6) A
lei(HO) 2w (@) 2 (5 - £70)| =
According to the definition of Eﬁi), Eﬁ“ — é(i)Off) is also independent of W (). Then, analo-

gously to the previous section, restricted to the randomness of W (7), we bound the variance

of each component of W(i)(f[('))*%(ﬁl _ égi)oii)) by

Here to obtain the RHS upper bound, we used an elementary derivation

Z(égz) (t)Off)ep)z _ Z eteg:gz ep —e (OA(L)) (é(l))/éi@)oil)ep =1.

t

There is some ambiguity over the dimension of e, and e,. e, shall be of dimension K —2 while

e; is of dimension n. Further, each summand in the p-th component of W (i)(H ("))_%(E?) -

éﬁ")ofj)) is bounded by C|/(H®)~ %(Ei — égi)Oy))epHOO. Thus, for each 1 <p < K — 1,
) =) () A 0;log(n) 1=()  2(0) G
WEEO)HE - 20006 | < =25 + Clogml(H9)HE - 57006

and therefore,

K-1

L =) () A t; log(n -1 =0 () A 2
W (@) (HD)2(E —:§’O£>>||sc(z( %Hog(n)H(H”) (5, —:905))%”00))

p=1

0; -2 =0 =3) A6
< CV/Klog(n)y| — + Clog(n) ( Y I(H)3E" ~ £70{")e

We further have

/N
=
=
N—
|
I
—
L
=
|
I
=
S
=
SN—
e
s
g
N——
|
A
/N
=
-~
=
N—
|
I
—
L
=
[
A
@
&
w:
!
3
N———
[ V]

OVK -

no?

<VEK||(HD)2(2, = 2000 |as00 +

||:1 -



Thus, over the event F,

Fr(i)\ — & (i) — L =(4) (% i
les(HD) 2w (HD)2(Z) — =0

lo SNl A =6 A6 A CVK lo
< OVR wi+ VR |(0) 4 (2, — 000 00) - + B2

=(1)
= -0
T i ——— = - &
(E.63)
Next, for the second term of (E.62), using the estimate (E.16), we have
1 = (7 %
|W@ED) (X~ L)E - =0))]
HO) (i, )
n - 7 = 20 A0
C . A(i t) + 60;0; + 0;0 + log(n)/n ||= - =" ()0
H(,4) 1=11£i (t,7) HO(t, 1)
C "L A(i,t) + 6:6; + 6,0 + 250 a1 ) (i) i 2,t) - =9 ol
< ¢ 3 e (H(H()) HE - 20000, + 1Z1() — =1 (H) 05 H)
H®(4,4) t=1,i (t,7)

HO(t,t)

(E.64)
Similarly to the derivations of upper bounds of (E.20) and (E.21), we bound the two sums

on the RHS of (E.64) corresponding to the two terms in the parenthesis separately as follows

1 "L At +~6’Z~9_ +log(n)/n ||(H(i))*%(é1 B Egi)Off)Oéi))H
_H(Z) (Z, Z) =114 H(l) (t, t) 2—00
0:/0 +log(n)/nl> \\ =i 1a 20 60 A0
< _° 22— 270,70
< F 0 [(H) 2 (= - 5,70,°05") ||, .
L [0 log(n) \ 1o man-1a 20 A0 A0
< (=4/—= 22— 2
< (Vi * s IO A E - 20000, ...
and
1 " A(i,t) + 6,0 +log(n)/n - =(4) i
e > AR AI R, ) - =008
H®(4,4) =1, ( (t,1))
<y U LA ot al )2( > B - =P w0l )’
HO(3,4) N i=1,0i ( (t,1)) t=1,ti

< cwd?) 3 (uE - 200 E - Eo))”

=1 — =205
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over the event E, in which, we applied (E.23) and (E.22). We plug the above two estimates
into (E.64) and conclude that over the event E,
N ET (N — L =) 26) A3
WD) 3 (X~ 1)E - =00
HO)(3,49)

< CRmf (D)3 (2, — ZP0P0MN ||y + VE 0?32, — 2709

This, together with (E.63), concludes the proof of (E.39) for fixed i, by the fact that

log(n)/Vn#? < F; - nf. Combining all i’s and the fact P(E) = 1 — o(n™%), we finish the

proof.

E.7.3 Proof of (E.40)

By sin-theta theorem and the fact that the eigen-gap is of the order O(K~1f3,) in light of
Weyl’s inequality (see (E.25)), analogously to (E.26), we first have

12, V00

< Kﬂng(H_%AH_% _ (g(i))—%;l(i)(g(i))_%)élH

We start with a simple derivation,

I(HD) 2 A(HD) "3 (X — L,)= |

< (ED)HQEO) (X — L)Z + ()5 (A - D) H X - L)
< CK'M(PG) (X — L)E|:

Second, we have

Fr(i)\ — & . Fr(i)\ — A R G i)y —1 .
ICH) =2 W (@) ey (H )25 || = HY (1,40) 2| Z2 () (H) =W @) |




< C’\/?/@Z C HH
B log() Vnb?

where in the second step we used (E.27) and we decomposed Z;(i) as é(i)Oéi) +2,(i) —

(i) — = (50|

[1]:

?) (i)Oz(,f) and employed (D.8) in the last step. Thus, we further bound the RHS of (E.65)

121 = P00 <CB N PO = L)Z | + CKB, i) W 6) ()42
CK:p ki | CKBY o (v
log(n) V1?2

In the sequel, we analyze the first two terms on the RHS above. For ||[(X — I,)Z, ||, similarly

=P @0, (E.66)

o (E.30), we decompose Z; and get that
I = L)E < (X = L)EP |+ (X = 1)(E - 2009

Then, we replicate the derivations for the two terms in (E.30) with 51 , fl replaced by 2 ul ,

=, and w replaced by 05 to get

]

log(n) IEP DI _ CKR?
n O, §)2 ~ log(n)

I(x ”“)II2<CZ (i,5) + 0:6; + 6.0 +

2 =(8) A (i PN —1/2 i A(i, 7) +99 —|—99—|—1°g
I(X — L,)(Z1 — VO |? < o (HD) V2=, - =P08) ||2—>ooz 70G.)

e )G a9, +1
< IO VA - 00, - 2B
nb?
over the event . More detailed steps can be referred to derivations from (E.30)-(E.32). We

thereby arrive at

= VE a1 TTN=2 2 =) A6
I(X = L)E | < € R (14 00| (H ) 3(E; = ZP00) a0 (E.67)
log(n)

Now we turn to study the term |H® (i, 1)~ 2W (i)(H®)~2Z,|. Using (E.60), (E.63) and
(E.27), we can deduce that
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< CVE &1+ n0l| (D)3 (E1 = ZP05) a0 )

log(n) L Nia =006
+C(VE S n9_2)|y_1—u ol (E.68)

over the event E. Combining (E.67) and (E.68) into (E.66) and putting all terms equipped
with factor ||Z; — Egi)Oéi)H to the LHS, under the condition K33, 2log(n)/nf* = o(1) and

M (PG) < CK, we finally see that

2 =0 A6 3, 1~ SNl A = () (i CKBb = () s A (i
=21 — 5 Oé)H < C’K26n1/<ai<1+n«9||(]-]()) 2(5, —:g)Oé))Hg_m@) +W“:1(Z> —:5)(@)0§)||

over the event E. Thus we complete the proof by considering all ¢’s.

F Rate of Mixed-SCORE-Laplacian

We prove the error rate of Mixed-SCORE-Laplacian in this Section. In detail, in Section F.1
we prove Lemma 4.1; in Section F.2, we prove the first claim of Theorem 4.2; in Section F.3,
we briefly state the proofs of Corollary 4.1 and the second claim of Theorem 4.2, as these

arguments directly stem from Theorem 4.2.

F.1 Proof of Lemma 4.1

Fix the choice of fl such that w =1 in (J.3). Choose the orthogonal matrix O; appeared in
Theorem 4.1. By definition,

B
51(2) £1(4)

1037 = 7l = 1l (E101/€1() = E1 /(D) | < [[€i(Z101 = Z0) /& @)]| + [IE (D)

Employing Theorem 4.1 with Lemma D.2, for i € S,,(cp), we have

(A O BN /E [€i(Z10: = 21| KB log(n)
l€i(Z:01 = Z)/60] < €= <O\ a@n 00
and
ol L L IEG 166) - &) K*log(n)
I=0llzs " an = “an T an S\ waren

with probability 1—o(n~?) simultaneously for i € S,,(cy) . Combining the above inequalities,

we immediately get (20) simultaneously for i € S, (cg), with probability 1 — o(n™?).
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F.2 Proof of the first claim in Theorem 4.2

This theorem has two claims, one is about the node-wise error, and the other is about the
bound for the ¢*-loss. The second claim follows easily from the first claim, and its proof is
relegated to Section F.3. We now prove the first claim about the node-wise error.

We only focus on i € S,(c) (see (15)). For i ¢ Sy,(c), since we take trivial estima-
tor K1, the estimation error is then trivially bounded by some constant. Recall the

definition, for i € S, (c),

77 (k) = max{w; (k) /b (), 0}, & = 77/||77 ]l

(2

and correspondingly in the oracle case, m; = 7w} /||7||1, 77 = [diag(b1)] " w;. We shall study
the errors of w;’s and 131 compared to w;’s and b, separately.

Suppose we are under the high probability 1 — o(n™?) event in which Lemma 4.1 holds.
We refrain ourselves from stating the high probability in the following derivations. We first

study w;’s. Thanks to the choice of a variant of successive projection in our vertex hunting

algorithm, referring to Lemma 3.1 of [], it is easy to deduce that
~ K31lo
i€5; (c) ng*g;
for some K x K permutation matrix P, where we denote by V = (vy,vs,--+ ,vk) and
V= (01,09, -+ ,0)". In our Mixed-SCORE-Laplacian algorithm, ;’s are solved from
- 1 . 11 1
Qwi = ) Q =
O 7 Oy Ojvg -+ Oyog
Here, a little different from original linear system, we multiply 7; and 01, --- ,,0x by O} on

the left. Analogously, for the oracle case,

T U1 Uy -+ Vg
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Note that since v;’s, 9;’s for 1 < j < K are the vertices, we easily get that both Q and @)

are of full-rank. Then,

. 1 1
[P; — wi| = ||(QP")™ -Q™
Ollf"z T;
R 1 R 1 1
< ((QP/)”—Q”) +]1Q7 - . (F2)
r; 01721 r;

For the first term on the RHS of (F.2), we have

QM (@P' = Qui

9

R 1 . . 1
(<@P’>‘1—Q‘1) = |[@ QP —Q)Q!
i

QP — Q)wi|| = [(OV'P' — V'), < [IPVO1 = V]jassas

If we can claim that ||Q~"|| < C, then we are done with the bound of the first term. Notice

that one easily check

|QP' — Q|| < VK|PVO; — V200 = o(VK)

K3 log(n)

g2 — 0asn — oo. Suppose that Q7| < K2, then immediately ||Q7Y|| < K 2.

since

To claim that ||Q~!|| < K2, we use the identity

vp(t) = 2<t<K, (F.3)

which can be easily verified with some elementary derivations from the definition of R and
_1
the fact = = H, *OIIB with B = (b, - ,bk) (see the proof of Lemma A.1 in Section A.1).

We will see that
Q = B'diag(1/b,(1), -+ ,1/by(K);
And due to by (k) < 1 (claimed in the Proof of Lemma D.2), we then obtain that
1Q™"|I = lldiag(bs(1), -+~ , by (K)) B~ < [ B~
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Further recall that BB’ = (I'6H, 'OII)~*. Hence, Apin(BB') = 1/ Anax(ITOH; 'OI) < K,
which leads to [|[Q7Y|| =< |[B~!|| < K~2. As a consequence,
U O -
(@P) -0 < CK 3 |[PVOs = Vssme.
T
Next, for the second term on the RHS of (F.2), one simply bounds it by |Q~||||O1#; —rs|| <
CK~z2||Oy#; — r;]|. Combining these two estimates into (F.2), with the aids of (F.1) and

Lemma 4.1, we conclude that

K?log(n)

P, — wi|| < CK™2||Ovfi — ri]| < Cy| =t
IPa, — il < CKHjowr — il < €y 280

(F.4)

Next, we study the error between 1/¢}Pb; and by (k). Here to the end of this section, with a
little ambiguity of notation, we denote {e;}2 | for the standard basis of R¥. By definition,

since P is a permutation matrix,

1 1 A o
P — % < A= M|+ [, PVAV Pley, — v Ay
k 1 1

The eigenvalue difference is simply bounded by +/log(n)/nf? by Weyl’ inequality, which has

been previously shown in entry-wise eigenvector analysis. To bound the second term above,

we first claim ||vg|| < CVK. To see this, using (F.3) and by (k) < 1,
lvll < Clle Bl < C|BB||> < CVE.
We can then derive that
‘e;PV/A\l‘?’P'ek — v Ay
< [e,(PVO; — V)OLA 010,V Pey| + |00 A O1 (0L VP — Vey| + [0 (014101 — Ay
< CK 2 Do(PG)|[PVO; = Vlameo + [Vh(O1A101 — Ay )y

Here in the last step, we used the trivial bound ||A;|| < K~!|\2(PG)|. We further estimate
the second term above. Notice that O; = sgn(ZZ;) shown up in Theorem 4.1. By LyZ; =

=1Aq, L=, = élf\l, and sine-theta theorem (D.13),
|U;€(O/1]\101 — Al)Uk’ S ’U,;(Ol — é’lEl)’f\lOlvk’ -+ |?);€E/1(L — L(])élolﬂk‘
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+ ‘U;Al(Ol - é&El)/Oﬂ}k‘
< CPo(PO)[|Or = EiE1 ]| + K| L — Lo
< C(PG)(KB, L = Lol)* + K[| L — Lo|

3
<, | K log(n)
n232

where we also used ||L — Lo|| < C'y/log(n)/nf? and K2 5;1/log(n)/nf? = o(1). Next, using

(F.1) and the last inequality in Condition 2.1(b), we bound

K2 Mo(PG)|[[PVO; = Voo < C %%g”.
It follows then
e%P\A//A\ﬂA/’P'ek — U;Alvk| <C KZ%%(;) )
As a consequence,
‘ 11 ‘ < ¢, K log(n) (F.5)
(Pby) (k)  bu(k) ng?s2

since by (k) =< 1.
Now, we are able to study P} and further P7; by (F.4) and (F.5). If (Pw;)(k) < 0,

trivially we have
|(P7}) (k) — 7} (k)| = 7} (k) = wi(k) < [(Pwy)(k) — wi(k)|

For the case that (Pw;)(k) > 0, we get the bound

< |(Pas) ()] . ‘+|<Pwi)<k>—wi<k>|

(Pb) (k) Du(k) (Pby) (k) bi(k) [b1.(K)]
Moreover, taking sum over k for both sides above,
Pr; —m7]1 < Cmax ‘ - — ‘ - < —_
PR ml = Cnp e ~ nm | im0 =\ ni@ n 07
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Here we used the Cauchy-Schwarz inequality ||Pw; — w;||1 < VK ||Pw; — w;|| and further

applied (F.4) and (F.5). As a result,

(Pr7)(k) _ mi (k) P&} — mill  |(PA)(R) — w7 (k)

(P;) (k) — mi(k)| = f* — < [(PA))( . .
| =P~ e S PR, Al
And summing up over k for both sides, we can further have
Pr K31
[P7; — w1 < —H * il < (0 og(n)2
= R0 A 00

since ||} |l = Yo, wi(k)/bi(k) < 1 by by(k) < 1 for all 1 < k < K. Therefore, we finished

the proof.

F.3 Proofs of Corollary 4.1 and the second claim of Theorem 4.2
The proofs oare straightforward by employing Theorem 4.2. We shortly claim it below.

Proof of the second claim of Theorem 4.2. Recall the definition of the ¢'-loss £(IT, 1) in (5).

Employing the node-wise errors in Theorem 4.2 and taking average, we see that

L(I1,TI) < C\/M/min{\/e%, 1}an(t),

with probability 1 — o(n™3). Further by the trivial bound E(f[, IT) < 2, the high probability

error rate implies the expected ¢!-loss rate, i.e., the err, (#) in (8). This finishes the proof. [

Proof of Corollary /.1. Recall the loss metric E(f[, IL; p, q) in (22). We crudely bound
1T7; — mill§ < Collfs — millf

where C, is some constant depending on ¢. Combining it with the node-wise error rate in
Theorem 4.2 gives Corollary 4.1.

For the special case p = 1/2 and ¢ = 1, we further bound

- (I, o .
£ (0T = min{ 37 (6:/0)2) T — ] }

=1
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(1 — . .yl q .
< min{ = 37 (0/0) 2T = mill } + min{ — > 0:/0) 21 Ta —mill ) (F.6)
i€S1 i€S2
where we recall the definition of S, S in (D.1). For the first term, we use Cauchy-Schwarz
inequality and get

LS @ E -l < (S0 08) (- S A - i)

€51 €S €51

< C+/log(n) err,

with probability 1 — o(n™?). Plugging in the above inequality into (F.6), and applying the
error rate in Theorem 4.2 separately for i € Sy, especially noticing that 6;/0 < cerr?log(n)

for i ¢ S,(c), one can easily obtain

LY(I1,11) < C+/log(n) err,

with probability 1 — o(n=3). Further with trivial bound £¥(II,II) < C, we then conclude

the proof. n

G Least-favorable configurations and proof of the lower

bound

The key of proving the lower bound arguments in Theorem 2.1 and Theorem 4.3 is to carefully
construct the least-favorable configurations (LFC). The LFC for these two theorems are
different. We start from the less complicated one, the LFC for the weighted ¢'-loss £*(II, II),
and then modify it to construct the LFC for the standard ¢'-loss £(II,II). The following

notation is useful.

Definition G.1. Given (n, K, 3,), 0 € R" and P € REXK let Q,(K,0, P, 3,) denote the

collection of eligible membership matrices 11 such that Condition 2.1 s satisfied.
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First, we construct the LFC for proving the lower bound in Theorem 4.3. We take a

special form of P,
P* =B+ (1= 8,11, where 0 < 8, <c<1, (G.1)
and construct a collection of II. We need a well-known result.

Lemma G.1 (Varshamov-Gilbert bound for packing numbers). For any s > 8, there exist
J > 288 and w©@, WM . W) € {0,1}* such that w©® = 0, and ||w?) — WP, > s/8, for

al0<j<k<.J.

In Theorem 4.3, we assume F,(err,) < ¢, for a constant ¢ € (0,1). Let ¢ = <€ € (0,1).

Let ny = | K 'en]and ng = n — Kn,. We set

1 1 /
H*:(—l e =l eq, e, e e, € ) G.2
K" KO 2l (G2)
~\~ ni ni
no

Without loss of generality, we can assume that those #;’s corresponding to the pure nodes in
IT* contains the top [(c—¢)n| degrees and they are evenly assigned to different communities
such that the average degrees of the pure nodes in different communities are of the same
order; we can also assume that the first ng 6;’s satisfy 6;/0 > err?, by the assumption of
F,(err?) < ¢. Note that we can always find a permutation to achieve such € and re-construct
IT* correspondingly. Let m = |[ng/2] and r = [K/2|. We apply Lemma G.1 to s = mr
to get w® w® W) where J > 20m7/8) We re-arrange each w9 to an m X r matrix
row-wisely, denoted as HY, and then construct ') € R"*X whose nonzero entries only

appear in the top left (2m) x (2r) block:

HO  —HG 0,4

—HY  HO 0,
v —

52



In (G.3), if K is an even number, then the last column (consisting of zero entries) disappears;
similarly, if ng is an even number, then the last row above the dashed line (consisting of zero

entries) disappears. Let © = diag(6y,60,, . ..,60,). We construct I1(0, IV . TI¢) by
N0 = I* + 4,020, where 7, = coK2(nfp2) 2, for0<j < J, (G.4)

where ¢y > 0 is a properly small constant. The following theorem is proved in the next

section.

Theorem G.1. Fiz ¢i-¢4 in Condition 2.1 and ¢ in Theorem 4.3. Given any (n, K, oy, 5,)
and 6 € R™ such that F,(err?) < ¢, let P* be as in (G.1), and construct I© TTM .. TIV)

as in (G.2)-(G.4). When cq in (G.4) is properly small, the following statements are true.

e For any constant c¢s > 0, let Q,(0, P*) = Q,(K,0,P* c;8,) (see Definition G.1).

There ezists a properly small ¢5 such that 11V is contained in Q,(0, P*), for0 < j < J.

e There erists a constant Cy > 0 such that £L* (1Y) TI®)) > Crerr,, for all 0 < j < k <

J.

e Let P; be the probability measure of a DOMM model with (0, P*,T1V) and let KL(-,)

denote the Kullback-Leibler divergence. There exists a constant €, € (0,1/8) such that

> 1<j<s KL(Pj, Po) < (1/8 — €1)J log(J).
Furthermore, infg supreo, o, p+) Eﬁ“’(f{, IT) > Cerr,,.

Theorem 4.3 follows immediately from Theorem G.1.

Next, we construct the LFC for proving the lower bound in Theorem 2.1. We still take
P*in (G.1) and construct a collection of II. Compared with the previous case, the targeted
lower bound now depends on F,(-), so that the construction is more sophisticated. We

separate two cases according to whether the following holds:

err2 (9] err
dF,(t) < C = dF,(t). G.5
[ emwso | S (G:5)
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To understand (G.5), note that 6;/0 < err? is equivalent to n06;3%> < K3log(n). For such a
node i, the best estimator is the naive estimator A7%"* = = 1,. In (G.5), the left hand side is
the total contribution of these nodes in £(II, IT), and the right hand side is the contribution of
remaining nodes. Therefore, (G.5) guarantees that the rate of convergence of the unweighted
¢*-loss is driven by those nodes for which we can indeed construct non-trivial estimators of
m; from data. When (G.5) is violated, the lower bound can be proved by similar techniques
but simpler least-favorable configurations. The details of this case is relegated in the next
section and below we will focus on the case that (G.5) holds. Note that all examples in
Section A.2 satisfy (G.5).

We need a technical lemma about the property of F,(-) that satisfies the requirement in

Theorem 2.1. It is proved in the next section.

Lemma G.2. Fiz p >0 and ag € (0,1). Given any 0 € G,(0,ao) (see Definition 2.2), recall
that F,(-) is the empirical distribution associated with n; = 0;/0, 1 < i < n. Let F., be the

empirical distribution associated with 1; = n; A 1. For any ¢ > 0 and € € (0,1), define

(e, €) = inf{t >0 /

2
erry

t c

dF, () > (1 - e)/ an(x)}.

2
errs

If F,.(-) satisfies (G.5), then there exists a number ¢, > err? and a constant ag € (0,1) such

that F,(c,) <1—ag and

o 1 [n -, 3 /°° 1
dF,(t) + > a dF,(t), G.6
/Tn(cn,1/8) VENATL ®) n\/Tn(cn, 1/8) A1 ’ errz VENL (®) (G.6)
where w, = [F,(c,) — Fy(err?=)]/8 — [Fy(cn) — Fu(a(cn,1/8))] and for any distribution

—~

function F(-), we define F

—~

x—) = lim, 0 F(z — w).
We now construct a collection of II using ¢, in Lemma G.2. We re-order ;s such that
9(1) < 8(2) <...< Q(n). (G7)

From the way 7;’s are defined, this ordering also implies that 7y < @) < ... < 17j,. Let ¢,

be as in Lemma G.2. Define
s, =max{l <i<n: 7y < err?}, no = max{l <i<n: fu <y} — Sp.
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It follows from the definition of F), that ng is approximately the total number of 7;’s such
that err? < 7; < c¢,. It can be derived from the definition of 7,(c,,1/8) and w, that

n[F.(cn) — Fn(ta(cn, 1/8))] + [nw,] = no — |Tno/8|. Combining these claims with (G.6)

gives

1 1 /OO 1

Y =2  —==dR).

n [7Tno /8| <i—sn<ng ") Al erry tA1
We multiply err, on both hand sides. By the condition (G.5), we have err,, f;j% ﬁan(t) >
C™" [min{Z=, 1}dF,(t), which yields a lower bound for the right hand side. For the left

hand side, we plug in 7; = 6;/0. It follows that
K3 1 1 / err
Ve L [ s
2 Z -~ ) n
Notice that for each individual ¢ such that |7ng/8] < i — s, < ng, its contribution to the
left hand side sum above is negligible since n=!/\ /0 < n=t/\/ferr2 = n=12K-3/201/25, =
0(1). Therefore, we can remove finitely many ¢ from the left hand side sum without changing

the inequality above. This further implies

K3 1 1 / err
(== = - > min{—n 1}dF (t).
2 Z — o~ e n
neﬂn n [7no/8]4+2<i—sn<ng 4/ 0(7,) N6 tnl

Let My be the index set of the nodes ordered between s, and s, + ng in (G.7). Let v, =

coK2(nfB%)~z. The above implies that

1 1 err
. + > 1 . n
it {n 3 \/8—/\9_} > K /mln{—m,1}an(t). (G.8)

[M[>no/8—2 ieM

The set Mj plays a key role in the construction of the least-favorable configurations. We
now re-arrange nodes by putting nodes in My as the first ny nodes, with the last n—mng nodes
ordered in a way such that the average degrees of the pure nodes in different communities
of IT* are of the same order (such an ordering always exists). After node re-arrangement, we
construct IT* and T© TM . T) in the same way as in (G.2)-(G.3). Let 6; = 6; A § and

0= diag(0y, 05, ...,0,). Let

09 =1I* +4,072TY,  for 0<j<J, (G.9)
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where v, = ¢oK2(nfB2)"2 is the same as in (G.8). The following theorem is an analog of

Theorem G.1 for the unweighted ¢'-loss and is proved in next section.
Theorem G.2. Fiz ¢;-¢4 in Condition 2.1 and (o, ag) in Theorem 2.1. Given (n, K, 3,) and
0 € Gn(0,a0), let P* be as in (G.1), and construct IO TIM .. TI) as in (G.9). When cq
in (G.4) is properly small, the following statements are true.

e For any constant c5 > 0, let Q,(0, P*) = Q,(K,0, P*,c55,). There exists a properly

small cs such that TIV) is contained in Q, (6, P*), for 0 < j < J.

e There exists a constant Cy > 0 such that LIV, TI®) > C, J min{ZL 1}dF,(t), for

al0<j<k<J.

o Let P; be the probability measure of a DOMM model with (0, P*,T1¥) and let KL(-, )

denote the Kullback-Leibler divergence. There exists a constant e; € (0,1/8) such that

> i<jcy KL(Pj, Po) < (1/8 — €2)J log(J]).

Furthermore, infg suppcg, (g.pr) EL(II,11) > C’fmin{\e/%, 1}dF,(t).

Theorem 2.1 follows immediately from Theorem G.2.

Remark: In Theorems G.1-G.2, we fix P = P* and prove the lower bounds by taking
supreme over a class of II. Such lower bounds are not only #-specific but also P-specific,
and they are stronger than the f-specific lower bounds in Theorems 2.1 and 4.3. In Section
H.4 of the supplementary material, we show that we can prove such P-specific lower bounds
for an arbitrary P if one of the following holds as n — oo: (a) (K, P) are fixed; (b) (X, P)
can depend on n, but K < C' and Plg x 1g; (¢) (K, P) can depend on n, and K can be

unbounded, but Plyx o 1x and |A\y(P)| < CB, = o(1).

H Proofs in lower bound analysis

In this section, we complete the proofs of lower bounds, i.e., Theorems 2.1 and 4.3. To this

end, we will show the proofs of Theorems G.1-G.2 and Lemma G.2 stated in Section G.

56



We organize this section as follows: In Section H.1, we provide the proof of Theorem G.1
regarding weighted loss metric Ew(f[, IT). In Section H.2, we claim Lemma G.2 and prove
Theorem G.2 under the condition (G.5). The proof of Theorem G.2 with (G.5) violated is
relatively simpler and we state it in Section H.3 for completeness. In Section H.4, we shortly
show how to extend the lower bounds to P-specific case under some certain additional
assumptions. This supports our arguments in the Remark in the end of Section G.
Throughout this section, we will use C, ; to denote the index set collecting indices of the

pure nodes in k-th community for 1 < k < K.

H.1 Proof of Theorem G.1

We begin with the proof of the first claim. We first verify IIU) € Q, (6, P*), for every
0 < j < J which are constructed in (G.2)-(G.4). By the definition of perturbation matrix
I')’s in (G.3), and the fact that v, /v0; < c¢o/K for all 1 < i < ng due to 6;/0 > err? for
all 1 < i < ng, it is easy to see that I1U)’s are indeed membership matrices when choosing
small ¢y. Next, we check Condition 2.1. Note that Condition 2.1(d) and the last inequality

in Condition 2.1(a) immediately hold because of the construction of II*. By definition,

GY) = K(IYY©H;'OIY and
|G = G| < 2|62 | Kyn (PO O Hy 'O T D2 + || Ky (DY O H 'O T, (H.1)
Elementary computations lead to

A2 NS I . 0; 0;
G = (Z Ho(z',i)>E1K1K+Kdlag< 2. Ho(i i) EZ Ho(z',z‘)>'

i=1 i€Cp1 i€Cp i

By our construction and assumptions on IT* and 6, it can be derived from Y | 67 /Hy(i,) =

1 that
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for all 1 < k < K. Tt follows that |G*|| < ¢ and [[(G*)7!|| < ¢ for some constant c.

Furthermore, one can also derive
|KA2(0DYO2 Hy'03TV|| < err? = o(1) (H.2)

following from S°"  6;/Hy(i,i) < 1/0 and |e,LVz| < VK for all 1 < i < n and any unit
vector z € RE. Therefore, by Weyl’s inequality and (H.1), we can conclude that the first
two inequalities in Condition 2.1(a) hold for all GU)’s. Further with our choice of special P*
which satisfies that 1% P = (K — (K —1)53,)1x > (1—¢)K1g, Ai(P*) < K, and \,(P*) = 3,
for all 2 < k < K, the requirements that |Ax(PG)| > ¢5/3, for some ¢; > 0 hold for P*G*
and P*G)’s. The eigengap condition, Condition 2.1(b), holds for P*G*. Condition 2.1(b)

also holds for P*G)’s, as a result of the Weyl’s inequality, where
IAL(P*GU) N\ (P*GD)| < 01 (P*G oo (P*GY)) < CK B,

and A\ (P*GY)) < K. Here we use o,(P*GW), 05(P*GY) to denote the first and second
largest singular values of P*G); and the right hand side upper bound is due to the expression
PG = B8,G9 + K(1 — 8,) £ 115G with the fact that ||GY| < ¢ and [[(GY)7| < ¢
for some constant c.

Lastly, we claim that Condition 2.1(c) holds for all GU)’s. Using Perron’s theorem, we
obtain that the first right eigenvector of P*GU) is positive for all 1 < j < J. In particular,
for P*G*, all of its entries are positive and =< 1. We then claim that P*GV)(i, k) =< 1 for all

1 <i,k < K. To see this, for each 1 < i,k < K, we first write
P*GD (i k) — P*G*(i, k) = Ky,e,P*(TV) 02 H; 'OI*e), + Kpe,P*(II*)YOH; 102 Ve,
+ K2, P*(TU)YO: Hy 10T Wey,.

Note that P*(I'0))" = B,(I'V) by the definition of ') such that 1% (') = 0. We thus

easily bound the first and third terms on the RHS above by
|[Kyue;P*(TOYO2 Hy 'O er] < B,[1G7|12 [ En (P90 Hy '0: T2 < cferr,
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|Kr2e; P*(T (j))'@%HO_l@%F(j)eM < Bn||K73(F(j))'@%H0_19%F(j)|| < cBperr?
which are both of order o(1). For the second term, by the definition of II*, we have

| Ky, P*(IT*) O H; ' 02T Wey| < |KynBnei(I1*)OH; ' 02T Wey| + |Kyn(1 — 8,)1.0Hy 1021 0e,|

< cBperr, + cKv, Z 7
n

=1

<cerr,

where we used Cauchy-Schwarz inequality > i v0; < /n(> 1, 0:)Y? = nvV0 in the last

step. Therefore, it follows from the above discussions that
P*GY (i, k) = P*G*(i, k) + (P*G (i, k) — P*G*(i,k)) = P*G"(i,k) 4+ o(1) <1

forall 1 <i,k < K. Asaresult, min, ;, P*GY (i, k)/ max, ;, P*GY)(i, k) > c for some constant

¢ > 0. Then, 77 , the first right eigenvector of P*G), satisfies
mineny” (k) minix PG R) Y, n(j)(k)
maxy ) (k) max; PG, k) 3y (k)

This proves Condition 2.1(c). We then conclude the proof of first statement.

> c. (H.3)

Next, we proceed to prove the second statement, the pairwise difference between I10)’s

under the weighted loss metric. By definition,

. 1 — —1 ; (k - \/_ ;
£, ) = =3 (0:/0)2 |l — 7P = e (09 = T®)1l
o w2

CU\/_ 4

= —||w - w(k)||1 > Cherry,

 BuVng?

for some constant Cy > 0.

In the last part, we prove the third claim in Theorem G.1 regarding the KL divergence

statement. Note that

1 —Q;
L(P,Po) = Y O log( /Q5)) + (1 - Q) log i

1<i<j<n Y]
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Notice that Qg) = QZ(?) for ng < i < 7 < n. Only the pairs satisfying 0 < i < 7 < ng and

0 < i <ng < j <n have the contributions. We then write K L(P;, Py) = (I) + (II) where

1- Y
Z fo) log(Qg)/QEJO-)) + (1 — Qg)) log (f)) (H.4)
0<i<j<nog 1-— Qij
® (9 /(0) oy, 1
(= >, 2 log(Q /) + (1 - Q) log ) (H.5)
0<i<no<j<n 1— QZ.].

We begin with the estimate of (I). For simplicity, we write [} = (Fgé), e ,F,(f))/ for

¢=0,---,J. By definition, for 0 <7 < j < ny,
ol —99( 1’P1K)_60(1—(1—1/K)6n) 1;

and

1 n 1 n
QZ(‘?:M(KlK+\;e_ZF())P( 1x +\/_§))

= 0,0;(1 — (1 = 1/K)B,) + 6,6, o (0T

N

=9 (1+47), j#0,

in which, A(Z) = (v2//0:6;) ( )/Fy)/[l — (1 —=1/K)p,). Here we used the identity
1}<F§-) =0forall 1 <j<n,1<¢<J. Further by 1 — (1 —1/K)S, > ¢ for some constant

¢ > Oand the assumption that the first ng 6;’s satisfy 6;/8 > err?, we notice that

2 [2
max ]A )| < 0

0<i,j<no B (né@-)(n@@ )

and Q A <c(l—- Q( )) for some constant ¢ € (0,1) when ¢y is small enough. Choosing

< COcK™'B,

sufficiently small ¢y, we have the Taylor expansions

1
Q) 10g(0f) /27) = 9 (1 + AP 10g (1 + AD) = 2 (A7) + S (AF)2 + 0((AF))

and
— Q¥ 0l
i ORIPNOING NG
(1 - 9) log —— 15 = (1 - 9 - 9§ Al)1og (1~ 1_9@%)
1) )



(0)y2 (0) A (£)\3
21— 00) (- 99)

Combining the above two equations together into (H.4), we arrive at

Q¥ 1521 (PO T2
0<i<j<ng (1- Q,; ) 0<i<j<no 1—-(1-1/K)5,](1 - Q;; )
3

52 82_

< OviBPng K? < CepngK - < CepngK (H.6)

Here we used K®/(%(nf?) < ¢ for some sufficiently small ¢ > 0 and the crude bound
](FZ(-[)),FEZ)] < K, which follows from the definition of I'® in (G.3).
In the sequel, we turn to study (/7). Since 0 < i < ng < j < n, we suppose that j € C,;

for some 1 < j < K. Then,

)

1 ! _ J— —_ Z(
and

Z) Tn () R
Qff _99( L+ t) e,

=0,0;(1 — (1 — 1/K)B,) + 0.0, dnfn (T{) e,

\/_
— O (1 n ng))

with ﬁg) = (Vo /V;) - B (ng))/ej/(l — (1= 1/K)f,). Similarly, one can easily check that

maX|AU | < CaV K

b n@&l

< OCOK 671

by our assumption that the first ng 6;’s satisfy 6;/6 > err2. Therefore, in the same way as

(H.6), we can derive

O/
< QS)) A0y _ 0,7282[(T") e;]?
un< Y —25@QFr= > ©
0<icnoej<n (1= ") 0cizng, 11— (1= 1/K)B](1 — Q57
jec, s 1<G<K
< C’( Z Qj)%%ﬁino < CcgnoK. (H.7)

Jj=no+1
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We now combine (H.6) and (H.7). They imply that

KL(P;, Py) < CcgInK.

]~

=1
Here C' is a constant independent of choice of ¢y and n. At the same time, since J >
2Ln0/2XLK/21/8 e obtain that log J > enk for some constant ¢ > 0 not relying on the other
parameters. By properly choosing ¢g, we can always find a constant ¢; € (0,1/8) such that
CcdJnK < Cct/c- Jlog(J) < (1/8 — €1)Jlog(J). This finishes the proof of the last claim.
Furthermore, with standard techniques of lower bound analysis (e.g., [9, Theorem 2.5]), we

ultimately obtain the lower bound stated in Theorem G.1.

H.2 Proof of Lemma G.2 and Theorem G.2

Proof of Lemma G.2. Recall Definition 2.2. For such ¢, o and ay, we see that if 7,,(¢,,, 1/8) >

0¢y, then by definition of 7,(c,,1/8) and w,,

o 1 [n - w,] 1 .
dF,(t) + > E.(c,
/Tn(cn,l/S) VEAT ©) ny/Ta(cn, 1/8) A1~ 8Ven Al (¢n)

By Definition 2.2, we conclude

Cn 1 ~ 9] 1 . \/@
antZa/ dF,(t), ag:=-“—ap.
/Tn(Cn,l/S) VEAL ( ) ’ err2 V tA1 ( ) ’ 8 ’
In the case that 7,,(cp, 1/8) < pey, trivially, (G.6) holds with @y = ao. O

With the help of Lemma G.2, we are able to prove Theorem G.2 below.

Proof of Theorem G.2. Since the least-favorable configurations IT* and I1¥)’s are quite sim-
ilar to those for the weighted loss metric, only with slightly different perturbation scales.
Such differences will not affect the regularity conditions. In fact, one can simply verify the
regularity conditions in the same manner as the first part of the proof of Theorem G.1. We

thus conclude the first statement without details.
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Next, for the pairwise difference under unweight loss metric, by definition,

. 1 <& , 1
G) TRy — = Gy _ L
£ ) = 23 i = wih = 2

Note that ||[H) — H®)||; > |ng/2] x [K/2]/8. At least [ng/2]/8 rows of HY) — H®) will

(T — F(k))

[l

contribute to the RHS term above. Since the construction of I'¥) based on HY, it is not

hard to see that

He ro) — T, > In min Z
n

”—Z
n MCMy,
i=1 M2 Tty ieme VO N0

Tn
> — min Z
- MCMo N
" |M|= Lcno/8 ~1ieM
err
> min —", 1}an t
~ / VEAT ()
where the last step is due to (G.8). This concludes the second statement.
In the end, we briefly state the proof of the KL divergence bound since it is quite analogous
to the counterpart proof of Theorem G.1. We again define (1) and (/1) as (H.4)-(H.5), and

bound them separately. Thanks to the slight difference on the perturbation scale, one can

simply mimic the proof of Theorem G.1 and obtain the following bounds under current

settings.
0; j ) 012
QE?) (0)\2 970 0; /\0 7nﬁz[(r ) L; ]2
< Y, —Tagy= > ©
1<i<j<ng (1 - Qij ) 1<i<j<ng [1 - (1 - 1/K)ﬁn](1 - Qij )
K3
< CyiB2niK? < CeynoK - 52 7 < CegnoK
and
Q) < 5 0,72B2((T17) e ]2
(< Y —L@APP= > 0
o<icmocjcn (1 — ij") 0cizne, L1~ (1 —1/K)B,](1 — ;)

jEC, s 1<ISK

< C’( z": @)7265710 < OcingK.

j=no+1

Here to obtain the two upper bounds above, we used an estimate

> g X (1+) <2m

1<i<ng 1<i<ng
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for some constant ¢ > 0, where the last step is due to our ordering of 6;’s and 6,/ 0<¢,<C
for some constant C' > 0, 1 < i < ng, which follows from Definition 2.2 and self-normalization
of F,(-) (Le., [tdF,(t) =1). As a result,

J
1
7 Z L(Py, Py) < Cc2ngK < Ccllog J.
/=1
Properly choosing sufficiently small ¢y, we thus complete the third statement. Furthermore,

by standard techniques of lower bound analysis (e.g., [, Theorem 2.5]), we ultimately obtain

the lower bound stated in Theorem G.2.

H.3 Proof of Theorem G.2 without (G.5)

In this section, we show the proof of Theorem G.2 in the case that (G.5) violates. We will
need a distinct sequence of least-favorable configurations. We still order 6;’s as (G.7). But
we define

ng=max{l <i<n:0;/0 <err’}

which means ng is the total number of ;s such that 0 < 7; < err2. For the remaining n —ng
nodes, we order them in the way that the average degrees of the pure nodes in different
communities of II* are of the same order as before. II* and T'©, T’ .. Tare constructed

in the same way as in (G.2)-(G.3). Different from (G.9), let
Y = 1II* + ¢, KTV, for 0<j<.J. (H.8)

First, following the first part of proof of Theorem G.1, we will see that G*, P*G* satisfy the

regularity conditions in Condition 2.1. Especially, in this case, we still have

= / tdF,(t) > / tdF,(t) —err? < 1
err? 0

1€Cp,

Furthermore, one can derive
leaK2(TWYeH*erv|| < .
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Similarly to the analog in the proof of Theorem G.1 , by choosing properly small ¢y, we have
the regularity conditions hold for P*G)’s as well. Since the proofs are quite similar, we
hence omit the details.

Second, under the construction (H.8),

LTIV 1T ZH’/T — ”1— 0 ZH NI

= D0 — g,

>
n

2
for some constant C' not relying on the other parameters. Notice that no/n = [ dF,(t).

Since (G.5) violates, we thus conclude that

ETrTn

err2
LMY 1wy > ¢ / dF,(t) > Cs / min{ ——— 1}an(t). (H.9)
0 Vi
for some constant C3 > 0. Third, we claim the KL divergence in the same way as previously,
KL(Py,Po) = (I)+ ({I) and (1), (II) are defined in (H.4)-(H.5). By our least-favorable

configurations (H.8), we bound

Q) 0:0,caK—*B2[(1) T
ne Y —oappo y HAARAT )T, ](0)
1<i<j<ng (1 - Qij ) 1<i<j<ng [1 (1 - 1/K)5n ( Q )

3

/32 82 -

(
]

no 9
< C’cé(Z 0i> 52K_2 < C’cénoK C’conoK
i=1

where in this case Ag) =AK?3, (FZ@))/F;Z)/(l — (1—=1/K)g,), and we used the fact that

0; < K33:2/(nf) for all 1 < i < ng to obtain the second inequality on the second row; and
0 _ Y
) Q) 0i6;ct K 253[@5’ )) e;]?

Il T (AYy2 =
( )go@%@gn <1—Q£?>>( v) Z [1—(1-1/K)5,)(1 - Q)

j€C, 3 1<i<K

< ch(iei) ( i ej) K23 < CcnoK
=1

Jj=no+1

where Al = oK1 - 3, (FEZ))/ej/(l — (1 = 1/K)p,) for this case. Combining the upper

v

bounds for (1) and (I1), we finally get

> KL(P:, Po) < CcgIngK < (1/8 — €5).] log(J) (H.10)

1<e<J
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for a constant €3 € (0,1/8), by choosing sufficiently small ¢y and noting noK =< log(.J).
In conclusion, we proved the analogs of the three claims in Theorem G.2 when (G.5)
violates. Further by standard techniques of lower bound analysis (e.g., [, Theorem 2.5]),

we ultimately obtain the lower bound.

H.4 Extension to P-specific lower bounds

In this subsection, we study the P-specific lower bounds of £¥(IT, II) and £(IT, TI) for arbi-

trary P if one of the following condition holds as n — oo:
(a) (K, P) are fixed;
(b) (K, P) can depend on n, but K < C and Plg x 1;

(¢) (K, P) can depend on n, and K can be unbounded, but Plx o 1x and |Xo(P)| <

Since the proofs are quite analogous to the case of the special P in the manuscript, in the
sequel, we point out the key differences compared to the proofs for Theorems G.1-G.2, and

shortly state how to adapt the proofs in the previous subsections to the current cases.

(a) If K = Ky and P = P, for a fixed integer Ky > 2 and a fixed matrix Fy, we can
simplify the construction of I')’s and hence the configurations I1¥)’s. More specifically,
we apply Lemma G.1 to ng to get w@, w®, .. w) where J > 270/ We insert w)’s

into n-dim vectors ¥)’s such that
(V) = (@), 01x(ano))- (H.11)
Let n € R%0 be a nonzero vector such that
77/]_[(0 = O, 77IP01K0 = O, ”7”]“1 = KO (H12>

Such n always exists by solving certain linear system. Based on these notations, we re-

define ') = 4y and re-define 1Y) correspondingly as (G.4) for weighted loss, (G.9)

66



or (H.8) for unweighted loss. The verifications of regularity conditions and pairwise
difference between the configurations can be claimed in the same way as in the proofs
of Theorems G.1-G.2. The most distinguishing part appears in the KL divergence.

Especially, for 0 <7 < j < ny,

Q0 = o (1+40), AL 1Oy G Pr (11.13)

] ij

where the coefficients we did not specify for A;;’s rely on the perturbation scale we

take from (G.4), or (G.9), or (H.8). Similarly for 0 <i <ng <j<n,if j€C,;,

W — © (1 + ﬁﬁf’) A oc 4 (i)rf Pe;. (H.14)

j ij

Nevertheless, in this case, n’Pn < 1 and |77/P65~| < C. In particular, 8, < 1. All of
these facts lead to similar derivations on upper bounds of (I) and (I1) (see definitions
in (H.4)-(H.5)). One can claim the desired upper bounded for KL divergence for the
least-favorable configurations we constructed here. One can conclude the proof by

mimicking the proofs of Theorems G.1-G.2.

If both (K, P) may depend on n, but they satisfy that K < C' and P1lg o 1. We
take the same simplified least-favorable configurations as in Case (a). The regularity
conditions and pairwise difference can be claimed likewisely. 1k is an eigenvector of
P. We can take special 7, the eigenvector associated to the smallest eigenvalue (in
magnitude) of P. In (H.13) and (H.14), we have ' Py < 3, and [n'Pe;| < CB,, which
fit the arguments in the proofs of KL divergence for Theorems G.1-G.2. Thereby, we

can prove the KL divergence in the same way as the proofs of Theorems G.1-G.2.

If both (K, P) may depend on n and K can be unbounded, but Plx o 1x and
|X2(P)| < CB, = o(1). We adopt the same least-favorable configurations in Section G
correspondingly to Theorems G.1-G.2. The different parts only appear in the quantities

involving P. Notice that in this case, 1k is the eigenvector associated to the largest
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eigenvalue of P,
Oy Pl o (M1 =0, (Y PrY < 5, (H.15)

since the other eigenvalues of P are asymptotically of order (,,. These two estimates
exactly coincide with the ones in the proofs of Theorems G.1-G.2. Then, all the
arguments in the proofs of Theorems G.1-G.2 can be directly applied in this setting.

We thereby conclude our proof.

I Analysis for a general b

In Section 3.2, we explained the rationale of choosing b = 1/2. An important claim there is

that for a general b, subject to a column permutation of I1, it holds simultaneously that

Jiog(n) | t5-0dF, (1)
17 — milly S C—Oeg(e_") -0(b,F,),  where 0(b, F,) = - (LD
no;

V/n0i0 T [ 127204 F,(t)

In this section, we discuss why (I.1) is true.

Let H be the same as in (9), and let Hy = EH. Given a fixed b > 0, let
L=H7"YAH""  L,= Hy*QH;®.

For 1 < k < K, let \; be the kth largest eigenvalue (in magnitude) of L, and let fk € R” be
the corresponding eigenvector. Similarly, let Ay be the kth largest eigenvalue (in magnitude)
of Ly, and let &, € R™ be the corresponding eigenvector. From the proof of Theorem 4.2, we

can see that the node-wise error ||7r; — m;||1 is closely related to the following quantity:

ER, = max {M} (12)

L<k<K & (4)

subject to a rotation matrix O; € RE-DX(E=1) applied to the columns of =y = [£5, &5, ..., Ex].
To study ER;, we introduce a proxy to ék Note that Xkék = H_bAH_bék, from the definition

of eigenvalues and eigenvectors. It implies fk = S\,ZIH*bAH*bfk. We replace (H, ék) on the
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right hand side by (Hy, &) to obtain
&= N HPAH G, 1<k <K. (L.3)

We then similarly define

EW:—mw{gﬁi%%@%. (1.4)

1<k<K &1(2
The difference between ER; and ER; is governed by ¢ := ff — él € R". How to control the
effect of ( is the central topic of entry-wise eigenvector analysis. In Section 5 and Section E,
we give rigorous analysis in the case of b = 1/2. The analysis of a general b follows a similar
vein and is omitted here (the regularity conditions may be slightly different). From now on,

we assume that |[ER; — ER]| is negligible and focus on studying ER} in (1.4).

Lemma I.1. Consider the DCMM model in (1)-(2). Write Gy = [tr(©@MZO)]"'TT'OMZOIl
where My = Hy®. Asn — oo, suppose K is fized and PGy converges to a fized irreducible
non-singular matrix that has distinct eigenvalues. Denote by O and Onin the mazimum
and minimum of 0;’s. We assume nff,,/ log(n) — oo and set 7 = 0 in the definition of H
(see (9)). Let & ..., & be defined as in (1.3). With probability 1 — o(n™3), simultaneously
forall1 <i<n,

ﬁ/ G340 g1—2b
MV<C< =1 max ) (L5)

02 2b 61 Z 62 2b

J1] J=1"J

We have made some strong assumptions in Lemma [.1, e.g., K is fixed, PG converges
to a fixed matrix with distinct eigenvalues, and n00., /log(n) — co. These assumptions are
only for convenience, as we want to avoid re-defining those regularity conditions in Section 2.2
for a general b. However, there is no technical hurdle of extending Lemma I.1 to allow for
weaker conditions similar to those in Section 2.2.

We now look into the right hand side of (1.5) and write it as ER} < C(w} +@;), where w;

6’7_

i=1"1

and w; represent the two terms in the brackets, respectively. By Definition 2.1, > "
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0" [t'dE,(t), for any v € R. Consequently,

_ log(n) \/ j= i 05 o _ _ Cy/log(n \/ J 3 dE, (1 (16)
0; S 07 2 m f 2204, (t) '

5(b Fn)

In addition, note that \/ D 05-’_41’ < \/ O > 05 < 01-25\/nh. We then obtain:

G D BT (7)

wi 10g( ) log(n)

As long as nf6;/log(n) > C, @; is dominated by w}, simultaneously for all fixed b. Further-
more, w! is minimized at b = 1/2. It suggests that b = 1/2 is the universally best choice (as

claimed in Section 3.2 of the main text).

I.1 Proof of Lemma 1.1

We recall that éz is a proxy to &. It is tedious to bound the difference between é}; and & and
handle the rotation matrix O; € RE—D*(K=1 Tp the special case of b = 1/2, such analysis
is detailed in Section 5 and Section E. For a general b, we skip this step but only study f};
Since the statement of Lemma I.1 is only about éz, the proof is much shorter.

Recall the proxy éz = A\, "Hy "AHy "¢y, where Hy(i,i) = Ed; < nf¢;. Under the assump-
tions on Gy and PG, it can be observed that the eigenvalues A, --- , \x are well separated

by a order of Y7, 627 /(nf)* and

i=1 "1

el <) 6077/ (nB)*  forall 1 <k < K.

In the same manner to prove Lemma D.2, under the assumptions in Lemma [.1, we can also

claim that

Ql—b ‘9'1—17
§(1) X ===, max [{(i)|<C

2— 2b 1<k<K 2—2b
2] 192 Z_y 162
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by replacing Hy by MZ. We skip the details for simplicity. Based on the above estimates,

we can derive

66) - 60| = SR Y (AG5) — 9201.0) M )

(n)" s g3
< W 1, MO , 1
S, ; (2,.4) Mo (5, )&k (7) + =

j=1"J

S (18)

for any fixed 1 < k < K. To proceed, we apply Bernstein inequality (i.e., Theorem D.1) to

the summation on the RHS above and get

S Wi )Mol )6)

J#i
n 02—2b 1—b
00 .\~ npn \—b
B a j=1"j
oo g3—10)1/2 C max; gL—2b
< Cy/B;log(n) ——21=—2_~ i e -log(n)
()P (3T, 05720012 (nf) (307, 67 20)12

with probability at least 1 — o(n™®). Substituting the above inequality back into (I.8),
together with the estimate of £;(7), we obtain that

- . w3y 1/2 _
maxi<p<r | (1) — &(i)] < Vlog(n) (27, 077") logn max; 6>

51 (Z) ~ \/9_1 Z;l:l 9?—2[) + gl Zn 92—21)

Jj=1"J

with probability at least 1 — o(n~%). By combining this inequality for all i, we conclude our

proof.

J Relaxed condition on P

In Section 2.2, we introduced one regularity condition on P in Condition 2.1 (b). Specifically,

we assume that

min { Z P(k:,é)} > oK.

1<k<K
1<<K
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As we explained in the main context of Section 2.2, this condition can be relaxed to
1g}€1<nK{ Z P(k,ﬁ)} > coov,,  where o, € [1, K. (J.1)
N D23 ¢

Our theory still holds under certain modification of the regularity conditions in this case.

We discuss more details in this section.

Let a,, € [1, K]. We re-define
G =a, -I'0D, 'l (J.2)
The following theorem holds.

Theorem J.1. Consider the DCMM model (1)-(2), where Condition 2.1(a), the first in-
equality of (b), and (c) are satisfied for G defined in (J.2). In addition, suppose (J.1)
holds and K?a,log(n)/(nf%32) — 0 as n — co. With probability 1 — o(n™2), there exists

w € {1,—1} and an orthogonal matriz O, € REVXE=D sych that simultaneously for all

1<1<n,
2 . K?20;1log(n) log(n)
|w§1(2) _§1<Z)| < C W(l—f— W), (J?))
e o K?a,9; 1og(n) log(n)
le5(2101 — )| < C\/—M% (1 + Y ETe ) (J.4)

Based on the above theorem, we have the node-wise error and rate of MSL below.

Theorem J.2. Suppose the assumptions in Theorem J.1 hold, and additionally, Condi-

tion 2.1(d) is satisfied. Let I1 be the output of Algorithm 1. With probability 1 — o(n=3),

there exists a permutation T on {1,2,..., K}, such that simultaneously for all 1 <i <mn,
K2a, log(n)
T, — |1 < Cmi — 1, J.5
T = mll < mm{ g (15)

In addition, let L(I1,I1) be the (*-loss in (5). Then,

S < OV Y min{ S 1)

72



References

[1] Abbe, E., J. Fan, K. Wang, and Y. Zhong (2020). Entrywise eigenvector analysis of random matrices

with low expected rank. Ann. Statist. 48(3), 1452-1474.

[2] Aratjo, M. C. U., T. C. B. Saldanha, R. K. H. Galvao, T. Yoneyama, H. C. Chame, and V. Visani
(2001). The successive projections algorithm for variable selection in spectroscopic multicomponent anal-

ysis. Chemometrics and Intelligent Laboratory Systems 57(2), 65-73.

[3] Bandeira, A. S. and R. Van Handel (2016). Sharp nonasymptotic bounds on the norm of random matrices

with independent entries. Ann. Probab. 44(4), 2479-2506.

[4] Davis, C. and W. M. Kahan (1970). The rotation of eigenvectors by a perturbation. iii. STAM J. Numer.
Anal. 7(1), 1-46.

[5] Jin, J., T. Ke, G. Moryoussef, J. Tang, and J. Wang. Improved algorithm and bounds for successive

projection. In The Twelfth International Conference on Learning Representations.

[6] Jin, J., Z. T. Ke, and S. Luo (2024). Mixed membership estimation for social networks. J. Economet-
rics 239(2), 105369.

[7] Ke, Z. T. and J. Jin (2023). Special invited paper: The SCORE normalization, especially for highly

heterogeneous network and text data. Stat 12(1).

[8] Stewart, G. W. and J.-g. Sun (1990). Matrix perturbation theory. Computer Science and Scientific

Computing.

[9] Tsybakov, A. B. (2009). Introduction to nonparametric estimation. Revised and extended from the 2004

French original. Translated by Vladimir Zaiats.

73



	Supplementary lemmas for the main text
	The simplex geometry and the oracle procedure
	Broadness of the -class G(, a0)

	The Mixed-SCORE-Laplacian (MSL) algorithm
	Choices of the plug-in VH algorithm

	Additional simulation results
	The weighted 1-loss
	Other values of K

	Auxiliary lemmas on regularized graph Laplacian
	Properties of L0
	Properties of (i)
	Variants of Davis-Kahan sin Theorem

	Entrywise eigenvector analysis
	Proof of Lemma 5.1
	Proof of Lemma 5.2
	Proof of Lemma 5.3 
	Proof of (34)
	Proof of (35)
	Proof of (36)

	Proof of the second claim in Theorem 4.1
	Proof of Lemma E.1
	Proof of Lemma E.2
	Proof of Lemma E.3
	Proof of (E.38)
	Proof of (E.39)
	Proof of (E.40)


	Rate of Mixed-SCORE-Laplacian
	Proof of Lemma 4.1
	Proof of the first claim in Theorem 4.2
	Proofs of Corollary 4.1 and the second claim of Theorem 4.2

	Least-favorable configurations and proof of the lower bound
	Proofs in lower bound analysis
	Proof of Theorem G.1
	Proof of Lemma G.2 and Theorem G.2
	Proof of Theorem G.2 without (G.5) 
	Extension to P-specific lower bounds

	Analysis for a general b
	Proof of Lemma I.1

	Relaxed condition on P

