Submitted to the Annals of Statistics
arXiv: arXiv:0000.0000

COVARIATE ASSISTED VARIABLE RANKING

By ZHENG TrACY KE* AND FAN YANG
University of Chicago

Consider a linear model y = X8 + z, z ~ N(0,021,,). The Gram
matrix © = %X'X is non-sparse, but it is approximately the sum of
two components, a low-rank matrix and a sparse matrix, where nei-
ther component is known to us. We are interested in the Rare/Weak
signal setting where all but a small fraction of the entries of S are
nonzero, and the nonzero entries are relatively small individually. The
goal is to rank the variables in a way so as to maximize the area under
the ROC curve.

We propose Factor-adjusted Covariate Assisted Ranking (FA-CAR)
as a two-step approach to variable ranking. In the FA-step, we use
PCA to reduce the linear model to a new one where the Gram ma-
trix is approximately sparse. In the CAR-step, we rank variables by
exploiting the local covariate structures.

FA-CAR is easy to use and computationally fast, and it is effec-
tive in resolving signal cancellation, a challenge we face in regression
models. FA-CAR is related to the recent idea of Covariate Assisted
Screening and Estimation (CASE), but two methods are for different
goals and are thus very different.

We compare the ROC curve of FA-CAR with some other ranking
ideas on numerical experiments, and show that FA-CAR has several
advantages. Using a Rare/Weak signal model, we derive the conver-
gence rate of the minimum sure-screening model size of FA-CAR.
Our theoretical analysis contains several new ingredients, especially
a new perturbation bound for PCA.

1. Introduction. Consider the linear model in the p > n setting:
(1.1)  y=XB+ z, X =[x, - ,zp € R"P, 2z~ N(0,0°1,).

We are interested in variable ranking, a problem related to variable selection
but very different. Scientific experiments are constrained by budget and
manpower, and it is often impossible to completely separate the signals from
the noise. An alternative is then to identify a few most promising variables
for follow-up lab experiments. This is where variable ranking comes in.
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In this paper, we call a nonzero entry of 5 a “signal” and a zero entry a
“noise.” We are interested in the Rare/Weak signal regime:

o (Rare). All but a small fraction of the entries of 3 are nonzero.
o (Weak). Individually, the nonzero entries are relatively small.

We assume the Gram matrix © = (1/n)X’X follows an approzimate factor
model (Chamberlain and Rothschild, 1983; Fan, Liao and Mincheva, 2011):

K
(12) e = Z Akka;c + Gy, K« min{n,p},
k=1

where G is positive definite and sparse (in the sense that each row has
relatively few large entries, with all other entries relatively small), A1, -+, A
are positive, and vy, --- ,vg are mutually orthogonal unit-norm vectors.

Model (1.2) is popular in finance (Connor and Korajczyk, 1993), where the
low-rank part represents a few risk factors and Gy is the covariance matrix
of the (weakly-correlated) idiosyncratic noise. It is also useful in microar-
ray analysis, where the low-rank part represents technical, environmental,
demographic, or genetic factors (Leek and Storey, 2007).

Marginal Ranking (MR) is an approach that is especially popular in ge-
nomics and genetics (Jeffery, Higgins and Culhane, 2006; Liu, Li and Wong,
2002). Recall that X = [z1, 2, ..., xp]. The method ranks variables accord-
ing to the marginal regression coefficients |(z;,y)|/(x}, z;), 1 < j < p, where
(+,-) denotes the inner product. Marginal ranking has advantages: (a) It di-
rectly provides an explicit ranking that is reasonable in many cases; (b) It is
easy-to-use and computationally fast; (c) It does not need tuning parame-
ters; (d) It has a relatively less stringent requirement on noise distributions
and provides reasonable results even when the noise distribution is unknown
or when the features/samples are correlated.

Penalized methods are well-known variable selection approaches (Tibshi-
rani, 1996; Fan and Li, 2001; Zou, 2006). However, compared to MR, penal-
ization approaches are different in all the above aspects: (a) Variable selec-
tion and variable ranking are two different goals, and penalization methods
do not automatically provide an explicit ranking; (b) They are computation-
ally slower, especially when (n, p) are large; (c) They usually require tuning;
(d) They require more stringent conditions on the noise distribution; partic-
ularly, their behavior deteriorates when the noise distribution is misspecified
(Wu and Wu, 2016).

Our goal is to improve MR so that it works well in our setting. Despite
many good aspects of MR, we recognize that it faces two challenges:
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e The K factors in ©® may have a dominant effect, and the ranking by
MR is only reasonable when these factors are removed.

e MR faces the so-called challenge of “signal cancellation” (Wasserman
and Roeder, 2009).

Note that

El(j,y)/(zj,2))] = (xj,25) 7" Y (@), 21) B

k:Brk7#0

“Signal cancellation” means that due to correlations among x;’s, signals may
have a mutual canceling effects, and variable j may receive a relatively low
ranking even when 3; is top-ranked among 31, 52, ..., 3.

To overcome the challenges, we propose FA-CAR as a two-stage ranking
method. FA-CAR contains a Factor-Adjusting (FA) step, where we use PCA
for factor removal and reduce the linear model to a new one where the Gram
matrix is sparse. In the Covariate-Assisted Ranking (CAR) step, we rank
variables using covariate structures. We recognize that “signal cancellation”
is only severe when the predictors are heavily correlated, and so by exploiting
the covariate structures, we can significantly alleviate the canceling effects.
Our major contributions are

e (A new ranking method). FA-CAR is easy to use and computationally
fast, and it is effective in resolving “signal cancellation.” The numerical
comparison of ROC curves shows that our method has advantages over
some existing ranking methods.

e (Rate of convergence). Using a Rare/Weak signal model, we derive
the convergence rate of the minimum sure-screening model size of FA-
CAR. The advantage of FA-CAR is validated by the theoretical results.

e (New technical tools). In our analysis, we develop some new technical
tools. Particularly, the FA step requires sharp perturbation analysis of
PCA (Section 2.3), which is new to the best of our knowledge.

e (Extensions to GLM). We extend FA-CAR to a variable ranking method
for generalized linear models (GLM).

1.1. Two illustrating examples. Tt is instructive to use two simple exam-
ples to illustrate why FA and CAR are useful.
Example 1 (One-factor design). Consider a case where the Gram matrix

O = I, + wy&f', wp > 0 is a parameter,

where ¢ = n/||n| with n ~ N(0,I,) and 0? = 0 so there is no noise. We
assume £ has s nonzeros and each nonzero equals to 7 (7 > 0). Even in this
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simple setting, many methods do not perform well. Take MR for example.
As long as w, < p, we have nil(xj,xj) ~ 1 and

(@5, |/ (), 25) ~ |wp - (&, B)E; + Bjl-

Since [(&, B)&;] = Op(T+/s/p), whenever wy\/s/p > 1, the factor has a non-
negligible effect: the ranking depends more on ¢ instead of 3, and many
signal variables may receive lower rankings than the noise variables.
Seemingly, the problem can be fixed if we use a factor removal step. Con-
sider the Singular Vector Decomposition (SVD) of the design matrix X:

n n

X = Z )\kukvfg = Alulvll + X, where v; = £ and X = Z /\kukvg.
k=1 k=2

We have two ways to remove the factor &: one is to project the columns of X

using the projection matrix H,, = I,, — uju}, and the other one is to project

the rows of X using the projection matrix H, = I, — v1v}. However, while

both projections produce the same matrix:

X = H,X = XH,,

only the first one reduces Model (1.1) to a new linear model with the same
vector . In particular, letting § = H,y and é = H,e, we have

j= X’B + Z, where 3 ~ N(0,0'2Hu) and n 1 X'X = H,=1,— ¢

Similarly, if we write X = [Z1, @2, ..., %] and apply MR, then n™1(z;,%;) ~
1 and
(@, 25)|/ (25, 25) ~ (€, B)&; + Bil,

where |(§, 5)&;| = Op(7+/s/p) and has a negligible effect on the ranking. We
therefore have a successful ranking scheme if we first remove the factor and
then apply MR (in this simple setting, the sparse component Gy in © is
diagonal). This is the basic idea of the FA step, which can be conveniently
extended to cases where we have more than 1 factors.

Example 2. (Block-wise diagonal design). Suppose p is even and © is
block-wise diagonal, where each diagonal block takes the form of

(ilz ]f) ) h € (—1,1) is a parameter.

The parameter 02 = 0 so there is no noise. The vector 3 only has three
nonzeros (but we don’t know either the number of signals, or the locations
or strengths of them):

B =, Bo = B3 = ar, where 7 > 0 and a € R.
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In this simple setting, even there is no factors in ©, MR still does not perform
well. For example, by direct calculations,

Pr=ar, Pa=0, |(w2,9)l/(v2,22) = la—hlr, [(z4,9)|/(x4,24) = |ah|7.

Therefore, we may face severe signal cancellation at location 2, and variable
2 (a signal variable) is ranked under variable 4 (a noise variable) when

lah| > |a — hl.

We recognize that this problem can be resolved by exploiting local covari-
ate structures. For each variable j, let

A; ={T:, I}, T ={j}, o ={j,j + 1} for j odd and Z, = {j — 1, j} for j even.

Each element Z € A; is called a “neighborhood” of j. For each Z € A;, we
measure the “significance” of variable j in Z by

Tz = | Pryll® = |1 Pyl

where Pr is the projection from R™ to the space spanned by {z;,j € Z}. Ne-
glecting the influence of all variables outside the set Z, T}z is the likelihood
ratio for testing whether supp(3) = Z or supp(f) = Z \ {j}. Take an odd j
for example, where 7; = {j} and Zo = {j,j + 1}. By direct calculations,

Tz, = n(B; + hBj+1)°, Tz, = n(1 — h*)B:.

When both variables j and (j+1) are signals, signal cancellation only affects
Tz, but not T} z,, so the latter is preferred. When variable j is a signal and
variable (j 4+ 1) is a noise, signal cancellation affects neither of them; since
Tjz, = nﬁ? > Tjz, in this case, T}z, is preferred. This motivates us to
assess the significance of variable j by combining these scores:

T = max{TﬂI 1T € Aj}.
In the above example,
Ty = nmax{a*(1 — h?), (a — h)*} 7%, T; = n(ah)?*r?,

and variables 2 and 4 are ranked correctly as long as |h| < 1/v/2 ~ 0.7.

In more general cases, we use © to construct a graph and let a “neigh-
borhood” of j be a connected subgraph that contains j, and the above idea
can thus be conveniently extended. This is the main idea of the CAR step.
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Remark. It is possible to measure the significance differently by adding
a cleaning step as in Ke, Jin and Fan (2014), and hopefully we can evaluate
variable 4 with a score of 0. However, cleaning usually requires a few tuning
parameters, which is the first thing we wish to avoid in variable ranking.

Remark. It is also possible to use the coeflicients of a penalized-regression
estimator (e.g., the lasso) for ranking. Such estimators still require a critical
tuning parameter that we wish to avoid. Additionally, when noise presents
(0% # 0), these methods are less effective than screening methods for the
blockwise-diagonal design; see Jin, Zhang and Zhang (2014) and Section 1.4.

1.2. Factor-adjusted Covariate Assisted Ranking (FA-CAR). We extend
the intuition gained in illustrating examples and develop a ranking method
that works for a general design from Model (1.2). The method consists of a
Factor-Adjusting (FA) step and a Covariate Assisted Ranking (CAR) step.

In the FA step, let X ="} | 6500, be the SVD of X, where 61 > 69 >

- > &, > 0 are the singular values, and 4, € R™ and 9 € R?P are the k-th
(unit-norm) left and right singular vectors, respectively. Introduce

K K
(1.3) =y— Z Wy)i = Z kU 0

k=1 k=1

If we consider the two projection matrices H, = I, — Zle ﬁk% and H, =
I, Zk 1 Ux 07, then it follows from elementary linear algebra that § = H,y,
X = H,X = XH,, and (1/n)X'X = H,©0H,. As a result,

(1.4)

j=XB+%, whereZ~ N(0,02H,) and n!X'X =0 (62 /n) 01,0}

Mx

k=1

This gives a new linear model with the same 8 but a different Gram matrix.
Note that (67/n) and 9 are the k-th eigenvalue and eigenvector of ©, re-
spectively. In Model (1.2), the component Gy is a sparse matrix. Therefore,
the leading eigenvalues (eigenvectors) of © are approximately equal to the
leading eigenvalues (eigenvectors) of (© —Gy), i.e., (62/n) ~ A\ and 9y =~ vy,
for 1 < k < K. We thus have

=

(1/n)X’X ~ 0O — Z/\kka;c = G().

k=1

So the Gram matrix for Model (1.4) is sparse.
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In the CAR step, we focus on Model (1.4). Write X = [&1,...,%p] and
G = (1/n)X'X. Given a threshold ¢ € (0,1), let G° be the graph with nodes

{1,2,...,n} such that nodes i and j are connected by an undirected edge if

(1.5) G(i,0)I/VG(i,0)G(j,4) > 6,  1<i#j<p.

For each variable j, any connected subgraph Z of G° that contains j is called
a “neighborhood” of j. Consider a collection of such local “neighborhoods”

(1.6)  As;(m) = {Z is a connected subgraph of Gljel || < m},

where m > 1 is an integer that controls the maximum size of selected neigh-
borhoods. For 7 € Aj; j(m), we measure the “significance” of variable j in 7
by

(1.7) Tz = I1Prgl* — 1Pry 97,

where Pz is the projection of § onto the space spanned by {Z; : j € T}. We
then measure the “significance” of variable j by combining these scores:
(1.8) T} = max {Tjz : T € As;(m)}.

The scores T7, T3, ..., T are used to rank variables.

FA-CAR has tuning parameters (m, K, ), but the ideal choice of tuning
parameters is insensitive to the unknown £ (it mainly depends on the design
X). Therefore, tuning here is not as critical as it is for variable selection. In
practice, we recommend using m = 2 and 4 = 0.5 and choosing K as the
elbow point in the scree plot of the Gram matrix © (see Section 3).

The computational cost of our method comes from two parts: the SVD on
X and the CAR step. SVD is a rather manageable algorithm even for large
matrices (Halko, Martinsson and Tropp, 2011). The computational cost of
the CAR step is determined by the total number of subsets in the collection
As(m) = U§:1A57j(m). By graph theory (Frieze and Molloy, 1999),

|As(m)| < pm(2.72d,)™, dp: maximum node degree.

Since G' = @G| is sparse, d, grows slowly with p. So the computational cost
of the CAR step is only moderately larger than that of MR.

Our method can also be conveniently extended to generalized linear mod-
els (GLM), which we discuss in Section 4.
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F1c 1. Left two panels: the Gram matrixz before and after Factor Adjusting (for presentation
purpose, both matrices have been normalized so that the diagonals are 1; only the upper left
100 x 100 block is displayed). Right panel: Boxplots of the off-diagonal entries (in absolute
value) of two Gram matrices.

1.3. Application to a microarray dataset. We investigate the performance
of our method using a gene microarray dataset (Nayak et al., 2009). It con-
tains the gene expressions of human immortalized B cells for p = 4238 genes
and n = 148 subjects (CEPH-Utah subpopulation). We use this n x p data
matrix as the design. Figure 1 compares the two respective Gram matrices
for Model (1.1) and Model (1.4), and it shows that the Gram matrix for
Model (1.4) is much sparser. This suggests that our assumption (1.2) fits
the data well and that the FA step is effective in removing the factors.

We then compare our method with three other ranking methods on syn-
thetic experiments. MR uses marginal correlation coefficients to rank vari-
ables. HOLP (Wang and Leng, 2015) and RRCS (Li et al., 2012) are variants
of MR: HOLP uses the absolute coordinates of X'(XX')~!y to rank vari-
ables, and RRSC uses the Kendall’s 7 marginal correlation coefficients. We
measure the ranking performance using the Receiver Operating Character-
istic (ROC) curve: Given the rank of variables, the ROC curve is obtained
by successively retaining more variables.

In our experiment, fixing parameters (7, s), we first generate 8 by drawing
its first s coordinates iid from N(0,7?) and setting the other coordinates to
be 0 and then generate y using Model (1.1) with ¢ = 1. Here, (7, s) control
the signal strength and signal sparsity, respectively. For each method, we
report the average ROC curves over 200 repetitions; the results are displayed
in Figure 2. When s = 50, FA-CAR always yields the best performance, and
it is especially advantageous when 7 is small (i.e., the signals are “weak”).
When s = 10, FA-CAR performs reasonably well, and it is better than
MR. It is a little worse than HOLP and RRSC, but these two methods are
unsatisfactory in the other settings. In terms of the overall performance, we
conclude that FA-CAR is the best among the four methods.
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Fic 2. The ROC. Design: gene-microarray. The curves are averaged over 200 repetitions.

1.4. Comparison of the sure-screening model size. We use the blockwise-
diagonal example in Section 1.1 to demonstrate the advantage of exploiting
local covariate structures for ranking. We use the sure-screening model size
as the loss function, which is the minimum number of top-ranked variables
one needs to select such that all signals are retained (then, all signal variables
will be included in the follow-up lab experiments, say).

We adopt a Rare/Weak (RW) signal model, which has been used a lot in
the literature (Donoho and Jin, 2004; Ji and Jin, 2012). Fixing 9 € (0,1)
and r > 0, we assume the vector S is generated from (v,: a point mass at a)

iid € € _
(1.9) pB; £ (1—ep)ro+ EPVTP + 57’1/_71), €p =D 19,7'p = 0+/2rlog(p)/n.
Under (1.9), the total number of signals is approximately s, = p'~7; as p
grows, the signals become increasingly sparser. The two parameters (¢J,r)
characterize the signal rareness and signal weakness, respectively. For any
threshold t > 0, let FIN,(t) = ?:1 P(B; # 0,77 < t) and FPy(t) =
Z§:1 P(B; = 0,T; > t) be the expected number of false negative and false
positives, respectively. Define the sure-screening model size as

. = i FP,(t).
S8, (0,1, h) = sp+ t:F]I\%)l(Itl)<1 »(t)

For the blockwise diagonal design, the Gram matrix is already sparse, so
the FA step is not needed. We compare CAR with two other ideas, MR and
LSR, where LSR simultaneously runs least-squares on each pair of variables
{27 — 1,25} for j = 1,2,...,p/2 and uses these least-squares coefficients
to rank variables. We note that the least-squares estimator coincides with
the recent de-biased lasso estimator (Zhang and Zhang, 2014; van de Geer
et al., 2014) in this design. The following lemma shows that the convergence
rate of S (¥, r, h) for CAR is always no slower than those of the other two
methods.
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LEMMA 1 (Sure-screening model size). Consider Model (1.1) with the
blockwise-diagonal design as in Section 1.1, where the RW model (1.9) holds.
Let L, denote a generic multi-log(p) term such that Lpp_‘S — 0 and Lpp‘S —
oo for all 6 > 0. Given any (9,7, h) € (0,1) x (0,00) x(—1,1), for each of the
three methods, there is a constant n* (9,7, h) € [0, 1] such that SS; (9,7, h) =
Lpp”*(ﬁ”"’h). Furthermore, for all (¢,r,h),

nz’AR(ﬂa Ty h) < min {777\4]%(197 T, h)v WESR(ﬁa T, h)}

The explicit expression of n*(J, r, h) for all three methods can be found in
Lemma 6. Using the results there, we can find settings where the convergence
rate of CAR is strictly faster; see Table 1.

TABLE 1
The exponent n* (9,7, h) for the blockwise-diagonal design.

W, a) | (8,154 ] (5,28 | (3,22
CAR 395 500 7700
MR 395 920 751
LSR .543 .980 .700

Remark. One might wonder why LSR is not the best method for ranking.
This is a consequence of signal sparsity. When the signals are sparse, most
of the 2-by-2 blocks that contain signals have exactly one signal, so the least
squares estimator is less efficient than the marginal estimator for estimating
a signal 3;.

1.5. Connections. Our method is related to the recent ideas of Graphlet
Screening (GS) (Jin, Zhang and Zhang, 2014) and Covariate Assisted Screen-
ing and Estimation (CASE) (Ke, Jin and Fan, 2014). These methods also use
© to construct a graph and use local graphical structures to improve infer-
ence. However, our settings and goals are very different, and our method/theory
can not be deduced from previous works: (a) GS and CASE are for variable
selection and it is unclear how to use them for variable ranking. (b) GS and
CASE have more stringent assumptions on the Gram matrix and do not
work for the general designs considered in this paper.

Our FA step is related to the idea of using PCA to remove factor structures
in multiple testing (Fan, Han and Gu, 2012) and covariance estimation (Fan,
Liao and Mincheva, 2013), but our FA step is designed for linear models and
is thus very different. Wang (2012) used PCA to improve marginal screening,
which is similar to our FA step; however, their PCA approach is only justified
for a random design that comes from an exact factor model, and their theory
is insufficient for justifying our FA step.



COVARIATE ASSISTED VARIABLE RANKING 11

Our work is related to the literatures on ranking differently expressed
genes (Chen et al., 2007). Common gene-ranking approaches (e.g., p-value,
fold-change) are connected to the idea of Marginal Ranking. The key idea of
our method is to exploit correlation structures among variables to improve
MR, and an extension of our method (Section 4) can be potentially used for
gene-ranking. On a high level, our work is also related to feature ranking
problem in machine learning (Guyon and Elisseeff, 2003), but most methods
in these literatures (e.g., wrappers, filters) are algorithm-based and are not
designed specifically for linear models.

1.6. Content and notations. The remaining of this paper is organized as
follows. Section 2 contains asymptotic analysis, and Section 3 contains nu-
merical results. Section 4 provides an extension to generalized linear models.
The discussions are in Section 5. Proofs are relegated to Section 6.

Throughout this paper, For positive sequences {a,}5>; and {b,}°,
we write a, = o(by), an, = O(b,) and a, < by, if lim,_oo(an,/by) = 0,
lim sup,, o (an/bn) < 0o, max{a, — by,0} = o(1), respectively. Given 0 <
q < oo, for any vector z, ||z|, denotes the L norm of z; for any m x n
matrix A, ||A||; denotes the matrix Ls-norm of A; when ¢ = 2, it coincides
with the the spectral norm, and we omit the subscript ¢. ||A||r denotes the
Frobenius norm and ||Al|max denotes the entrywise max norm. When A is
symmetric, Apax(A) and Apin(A) denote the maximum and minimum eigen-
values, respectively. For two sets Z C {1,2,...,m} and J C {1,2,...,n},
ATJ denotes the submatrix of A formed by restricting the rows and columns
of A to sets Z and J. For a vector € RP and set Z C {1,2,...,p}, 27 de-
notes the sub-vector of x formed by restricting coordinates to set Z.

2. Asymptotic analysis. We describe the asymptotic settings in Sec-
tion 2.1 and present the main results in Section 2.2; our main results contain
the rate of convergence of the sure-screening model size. Section 2.3 contains
some new perturbation bounds for PCA; they are the key for studying Factor
Adjusting and are also useful technical tools for other problems. Section 2.4
contains the proof of the main result.

2.1. Assumptions. We assume © has unit diagonals without loss of gen-
erality. Let S be the support of 8 and let s, = |S|. We assume

(2.1) log(p)/n — 0, sp <p'7Y  for some ¥ € (0,1).

Under (2.1), it is known that n=/2,/log(p) is the minimax order of signal
strength for successful variable selection (Ji and Jin, 2012). We focus on the
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most subtle region that nonzero 3;’s are constant multiples of n~Y2,/log(p).
Fixing a constant r > 0 that calibrates the signal strength and a constant
a > 0, we assume for any j € S,

(2.2) 7 < |B5] < ap, where 7, = n~2a+\/2rlog(p).

Model (2.1)-(2.2) is a non-stochastic version of the Rare/Weak signal model
in the literatures (Jin and Ke, 2016).

The Gram matrix O satisfies model (1.2). For any integer 1 < m < p and
matrix € RPP, define v, (€2) as the minimum possible eigenvalue of any
m X m principal submatrix of ). Fixing v € (0,1), co, Cy > 0 and an integer
g > 1, we introduce a class of sparse covariance matrices:

1<i<

p
My (g,7,co,Co) = {Q € RPP is p.s.d. : v5(Q) > o, ma pz 1Q2(i, 7)|7 < C(]}.
j=1

Recall that Gy is the sparse component in Model (1.2). We assume
(23) GO S Mp(ga/y)c()a CO), )\1 S cl)\Ka AK/ ma'X{Spvlog(p)} — 00,

where ¢; > 0 is a constant. Fixing a constant b > 0, let gg be the undirected
graph whose nodes are {1,--- ,p} and there is an edge between nodes ¢ and
j if and only if

\Go(2,7)|/v/Goli,1)Go(4,7) > 6p, where 6, = b/log(p).

This graph can be viewed as the “oracle” graph, and the graph G° used in
our method is an approximation to gg . Let 987 g be the induced graph by
restricting nodes to S. We assume that for a positive integer £y < g,

(2.4) each component of Qg, o consists of < £y nodes.!

This is an assumption on the correlation structures among signal variables. It
implies that the signal variables divide into many groups, each consisting of
< {y variables, such that signals in distinct groups are only weakly correlated
after the factors are removed.

FA-CAR has tuning parameters (K, m,d). We choose K adaptively by

(2.5) K:Kp:max{lSkﬁn:&z>nlog(p)},

where 7y, is the k-th leading singular value of X. We choose (m, d) such that,
for some constant C > 0,

(2.6) by <m<yg, 1.016, < 6 < C9p,
where 0, = b/log(p), g and £ are defined in (2.3) and (2.4) respectively.

LA component is a subgraph in which any two nodes are connected to each other by a
path, and which is connected to no additional nodes in the graph.
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2.2. Main result: Sure-screening model size. Given the scores T7, ..., T,
if we threshold them by

(2.7) tp(q) = 2qo? log(p), g > 0 is a constant,

the set of retained variables is S(¢) = gp(q; X,y)={1<j<p:T; > (9}
Recall that S is the support of § and s, = |S|. The (asymptotic) sure-
screening model size is defined as

(2.8)
Sﬁﬂﬂwpﬂﬁ):s¢+mm{E@ﬂ@\SD:qwﬁﬁk%g&EUS\Swﬂ):O}

To describe the asymptotic behavior of SSy, we introduce the quantities
wj(r,m), 1 < j < p, where r calibrates the signal strength and m > 1 is
a parameter in FA-CAR. By assumption (2.4), the set of signal variables S
has the decomposition S =77 UZy U...UZys, where nodes in each Zj form
a component of ggvs and max;<k<nr |Zg| < o. Fix j. There exists a unique
7). which contains j. For any 7 C Zj, let N = I\ {j}, F = Z; \ Z, and

'7 j '7N NvN - N7 ]
A%I =Gy — GV (Gy ) TEGy . Define
(2.9)
nA°
7
Wj\I(T;GO»5,5p) i

. . 2
= rlg) 1+ D IGE - GEYG ) 6

For each m > 1, define
(2.10) w;(r,m; Gy, B,9,) = max {wj‘z(r; Go,8,0p) 1 I € Asj(m), T C Zk} .

We notice that w;(r, m) is a monotone increasing function of m. The follow-
ing definition is useful:

DEFINITION 1. Ly, as a positive sequence indexed by p, is called a multi-
log(p) term if for any fired ¢ > 0, L,p® — 0o and Lyp™© — 0 as p — oo.

The following theorem gives an upper bound for rate of convergence

THEOREM 1 (Sure-screening model size). Under Model (1.1)-(1.2), sup-
pose (2.1)-(2.4) hold for fixed (¥,r,g, 40,7, co,Co,c1,a,b) such that g > ¥y,
and suppose the tuning parameters (K, m,0) satisfy (2.5)-(2.6). Define the
constant

' Af¢%<zﬁﬂﬂ<wmmw@m)
¢ (9,r,m;Go, B,9p) =inf ¢ ¢ > 0: lim

>0
p—+00 log(p)
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Then, as p — 00,
S8, (0,1 X, B) < Lypt—mindds @ @rm}

We use Theorem 1 to draw some conclusions. First, we introduce a lower
bound for the quantities w;(r, m). Fix j and let Zj be the component of gg g
that contains j. Write N = 7 \ {j} and A?Ik =G — G%’N(GéV’N)_lGJOV’j.

\
Define

0
nAj IZe o2

This quantity depends on 8 only through 3;, so there should be no “signal
cancellation” involved in our method, as justified in the following corollary.

COROLLARY 1 (No signal cancellation). Suppose the conditions of The-
orem 1 hold. Let co be the same as that in (2.3). Then,

SS9, X, B) < Lyp'~min{d (Ver—vI=0)4 %},
As a result, as long as r is properly large, SS; < Lps).

Due to signal cancellation, no matter how large r is, there still exist choices
of the signs and locations of nonzero (3;’s such that MR ranks some signal
variables strictly lower than many noise variables and that SS; > Lys,. In
contrast, Corollary 1 demonstrates that FA-CAR successfully overcomes the
“signal cancellation” issue.

Next, we compare FA-CAR with an alternative approach which applies
MR after the FA step.?

COROLLARY 2 (Advantage over FA-MR).  Suppose the conditions of The-
orem 1 hold. Let 552(19, r; X, B) be the sure-screening model size for FA-MR.
Then,

SS, (9,7 X,B8) < Ly - SS,(9,r; X, B).

Corollary 2 demonstrates that FA-CAR is always no worse than FA-MR.
Additionally, we have seen examples in Section 1.4 where FA-CAR is strictly
better. This justifies the need of exploiting local covariate structures.

%Since the Gram matrix for Model (1.4) has unequal diagonals, we first normalize the
columns of X to have the same ¢2-norm and then apply MR.
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2.3. Perturbation bounds for PCA. The success of the FA step relies on
a tight bound for |G — Gg||max- To bound this quantity, we need develop to
new perturbation results for PCA. We can rewrite

K K

G —Go= Y (67/n)0kiy — > Akttt

k=1 k=1

where vi, and 0y, are the k-th eigenvector of (O —Gg) and G, respectively. In
the simplest case of K = 1, the problem reduces to deriving a sharp bound
for ||91 —v1||co. Unfortunately, the standard tool of sine-theta theorem (Davis
and Kahan, 1970) only yields a bound for ||97 — v1 ||, which is often too loose
if used as a bound for |01 — v1||eo. We need the following lemma:

LEMMA 2 (Perturbation of leading eigenvector). Consider © = Ajvv] +
Go, where A\ > 0, ||vi]| = 1, and Gy € RPP is symmetric. Let 01 be the
leading eigenvector of ©. If 3||Gollce < A1, then

min{[[o1 — vilsc, (101 + v1lloo} < 1227 Golloc 01 e

We compare it with the sine-theta theorem, which gives that min{|[o; —
1|00, |01+ 1 [loo} < min{ oy —v1 ], [[014+v1]|} < CATH|Gol|. Consider a case
where each row of Gy has at most dj, nonzero entries. Since |G| < dp||Gol-
||v1]|s0, our bound is sharper if dy||v1||o = o(1).

For the case K > 1, the eigenvectors are generally not unique (unless all
the eigenvalues are distinct from each other). It makes more sense to bound
I ZkK:1 U0y, — Zle UV ||max- We have the following theorem:

THEOREM 2. Let © = Y 1| \gvgv), + Go, where \i > Ap > -+ A > 0,
v, L,V € RP are unit-norm, mutually orthogonal vectors, and Gy € RPP
1s symmetric. For 1 <k < K, let (S\k, Ur) be the k-th leading eigenvalue and
associated eigenvector of ©. Write V.= [v1,- -+ ,vk], V= [01,---,0K] and
G=06- Zle Xkﬁkﬁ;. If Ak > C1||Gol|eo for some constant Cy > 2, then

" < 2 -1 . 2
VY=V lmax < C2(A1/Ak)™ - Ay [[Golloo - miax [uglloe,

and

_ ! 2 . 2
I1G = Gollmax < Co(Aa/Ar)  [Golloo - max fuk]l5,

where Ca, CY > 0 are constants that only depend on (C1, K).
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The proof of Lemma 2 uses a similar approach as the proof of Lemma 3.1
in Jin, Ke and Wang (2016). The proof of Theorem 2 is new and highly non-
trivial since we do not assume any gap between Ay, ..., A\g. That it requires
no eigen-gaps makes this result very different from other recent perturbation
results (e.g., Ke and Wang (2017)).

2.4. Proof of Theorem 1. Recall that G = (1/n)X'X is the Gram matrix
of Model (1.4). Using the results in Section 2.3, we can show that G is entry-
wise close to Gy:

LEMMA 3.  Suppose the conditions of Theorem 1 hold. Then, ||G—Go|lmax =
0(6p) and sp||G — Go|lmax = o(1).

The key of the proof is to study the distribution of T}z, for each j € S
and Z € As j(m). The following lemma is proved in Section 6.

LEMMA 4. Suppose the conditions of Theorem 1 hold. Fix j € S and let
ZU) be the unique component of gg’S that contains j. For any T C TN gg
that contains j,

Tjr = WHA?, W~ N (202002 log(p), o), [A] = or (ViogD)) .

where wjz(r) is the same as that in Section 2.2.

The proof of Lemma 4 is lengthy, and we provide some illustration. For
simplicity, we only consider a special case where Z is exactly the component
of G& that contains j. By definition and elementary calculations (see (A.3)),

(2.12)
o (G e RN PR S AX Ot

Since n ~ N (nGf, 0?nG), we have
n—l]E[,r/I] — (GB)I — GI,IIBI + G%,Icﬁzc + (G _ GO)I’ICBIC.

It can be proved that the third term is negligible as a result of Lemma 3 and
the second term is negligible due to the sparsity of Gy and the definition of
the graph G°. It follows that E[n?] ~ nGTLBZ. We plug it into (2.12) and
find that

fIvj‘Z ~ n(/@.’[)/ [(GZ,I)fl . GI,N(GN,N)flGN,Z]IBI — nAjﬂ_BJZ’
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where Ajj7 = G —GIN (GNN)~1GN is a counterpart of A?m in (2.11) and
the last equality is a result of the matrix inverse formula in linear algebra.

It remains to characterize the difference between A;7 and A?|Ik; recall that
T} is the unique component of gg g that contains j. Using Lemma 3, we can
prove that, if we restrict Qg g to Iy, it splits into a few components and one

component is exactly Z. Such an observation allows us to show that
Ajiz = Az [1+o(1)].

The proof of Lemma 4 follows a similar idea as the above derivation but is
much more complicated.

Once we have the distribution of T}z, we can quantify the type I and type
IT errors associated with any threshold ¢,(q).

LEMMA 5 (Type I and Type II errors). Suppose the conditions of The-
orem 1 hold. Consider S(q), the set of selected variables associated with the
threshold t,(q) as in (2.7). Then,

E(S\S(q)|) < L,y _p (Veslrm=val,
JjeSs

and
E(1S(g)\S|) < Cspllog(p)]"™ + Lpp' .

where wj(r,m) is as in (2.10) and v is the same as that in My(g,7, co, Co).

We now derive the upper bound for SS; (¥, r; X, 3). By Lemma 5 and the
definition of ¢*(¢,r,m), for any g < ¢*(9, 7, m), there is an € > 0 such that

E(]S\S(q)|) < Lyp~¢ — 0, for all sufficiently large p.
As a result, for any ¢ < ¢*(9,r,m),
SSx(9,1; X, B) < s, + E(|S(q)\S]) < Lyp' ™m0,
Taking the limit of ¢ — ¢*(¢,r,m) gives the claim of Theorem 1.

3. Simulations. We investigate the performance of FA-CAR in simula-
tions. In all experiments below, given a covariance matrix ¥ € RPP the rows
of X are independently sampled from A(0,X). We consider four different
types of designs where the corresponding ¥ is:

e Tridiagonal. X(j,j) = 1forall 1 < j <p,and X(4,7) = p-1{|i—7] = 1}
for any 1 <i# 5 <p. We set p =0.5.
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Tridiagonal Autoregressive

0.9
0.8
0.7

0.6

0.5 ——FA-CAR

. . . . n . 0.4 . . . n .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Equal Correlation Two Factors

o

Fia 3. ROC curves in Experiment 1. (n,p,n,s) = (200, 1000, 3, 20).

o Autoregressive. ¥(i,j) = pli=Il for all 1 < i,j < p. We set p = 0.6.

e Equal correlation. 3(j,j) = 1 for 1 < j < p, and X(i,j) = p for
1<i#j5<p. Weset p=0.6.

o Two factors. ¥ = Lara) + Sazah + (1 —p)X1, where ay = (1,1,...,1),
az = (1,-1,1,-1,...,1,—1)" and ¥ is an autoregressive covariance

matrix, i.e., $1(i,j) = plli_j‘. We set p = 0.5 and p; = 0.6.

Fixing (n,p,n, s), we generate [ as follows: The first s coordinates of 3 are
independently sampled from N(0,7n?), the other coordinates all equal to 0.
We then generate y using Model (1.1) with o2 = 1.

Our method has three tuning parameters (K, d, m). In Experiments 1-2,
we set m = 2 and § = 0.5, and use the ideal choice of K, that is, K = 0,0, 1,2
for the above four types of designs. In Experiment 3, we investigate the
sensitivity of our method to tuning parameters.

Ezperiment 1: Comparison of ROC curves. We compare the ROC curves
of our method and three other methods: (1) Marginal Ranking (MR) (Fan
and Lv, 2008), (2) HOLP (Wang and Leng, 2015), which uses the coordi-
nates of X’(X X’)~ 1y for ranking, and (3) RRCS (Li et al., 2012) which uses
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L Autoregressive (m=2) 1 Two Factors (m=2)
——FA-CAR(K=0 FA-CAR(K=L
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208 —MR 208 _HgLP
) —--HOLP [ -
207 — -RRCS 207 - -RRCS
S06 N S06
I N, ¥ 505
a a
304 304
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CAR threshold (3) CAR threshold ()
N Autoregressive (K=0) N Two Factors (K=2)
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0.9, —a -4 -FA-CAR(m=3) 0.9 —4-FA-CAR(m=3)
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0.5 0.6 0.5 0.6
CAR threshold (d) CAR threshold (6)

FiG 4. Ezperiment 3: sensitivity to tuning parameters. The ideal choice of K is K =0 for
the autoregressive design and K = 2 for the two-factor design.

the marginal Kendall’s 7 correlation coefficients for ranking. Fix (n,p,n, s) =
(200, 1000, 3, 20). For each of the four design types, we generate 200 datasets
and output the average ROC curves of these 200 repetitions. The results are
displayed in Figure 3. For the tridiagonal, autoregressive, and two-factor de-
signs, our method significantly outperforms the other methods. For the equal
correlation design, our method significantly outperforms MR and RRCS and
is similar to HOLP.

Ezperiment 2: Various (n,p,n,s). We consider four choices of (n,p,n,s),
for each of the four types of designs. There are 16 different settings in total.
We measure the performance of different methods using several criteria: (a)
Sure screening probability (SP): the probability that all the signal variables
are selected when retaining n variables in total. (b) Type II: the number of
type II errors when retaining n variables in total. (c) Sure screening model
size (Size): the minimum number L such that all signal variables are selected
when retaining L variables in total. The results are shown in Table 2.

Ezperiment 3: Sensitivity to tuning parameters.. We study how the perfor-
mance of FA-CAR changes as the tuning parameters (K, d, m) vary. We fix
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TABLE 2
Results of Experiment 2. For Type II, we report the mean over 200 repetitions, and for
Size, we report the median over 200 repetitions.

. . Method
Designs Setting: (n,p, 7, s) Measure FACCAR VR HOTP RRCS
SP/Type II | 0.91/0.11  0.45/0.64 0.51/0.58 0.45/0.65
(200,1000,3,5) Size 6 246 195 247
SP/Type Il | 0.11/2.45 0.01/5.19 0.01/4.49  0.01/5.47
Tridia (200,1000,3,20) Size 518.5 865.5 861 874.5
& (2001000055 | ST/Type T | 0.78/0.35  038/086  0.36/0.94  0.35/0.95
’ e Size 39.5 336.5 384.5 382
SP/Type II | 0.57/0.66 0.20/1.39 0.18/1.42 0.17/1.47
(200,5000,0.5,5) Size 132.5 1789.5 1942 1964
SP/Type 11 | 0.95/0.06 0.67/0.43 _ 0.62/0.46 _ 0.67/0.44
(200,1000,3,5) Size 6 65 85 58.5
SP/Type IT | 0.17/2.00 0.02/4.05  0.00/410  0.01/4.37
Autore (200,1000,3,20) Size 422 840 848 850.5
& (200100005,5) | SP/Type T [ 0.79/0.28 0.53/0.67  0.42/083  051/0.77
’ [ Size 22 179.5 293 184
SP/Type Il | 0.6/0.61  0.35/1.18  0.35/1.20 0.315/1.29
(200,5000,0.5,5) Size 57 937 980 1077
SP/Type Il | 0.46/0.72  0.06/1.85  0.46/0.68 0.07/1.84
(200,1000,3,5) Size 247 998 230 997
SP/Type II | 0.00/6.09 _ 0.00/10.66 0.00/5.73 0.00/10.86
Equal corr (200,1000,3,20) Size 909.5 1000 863.5 1000
4 | 2001000055 | SP/Dypell [ 0.16/1.38 005/206  0.17/L47  0.03/208
’ T Size 577 969 589 957
SP/Type IT | 0.07/2.00 0.00/2.65 _ 0.06/2.03 _ 0.00/2.72
(200,5000,0.5,5) Size 2600.5 4856 2689.5 4844.5
SP/Type II | 0.93/0.09 0.16/1.83 _ 0.62/0.47  0.17/1.82
(200,1000,3,5) Size 6 690.5 88.5 687.5
) SP/Type I | 0.21/2.03 0.01/11.06 0.02/3.99 0.01/11.08
Two factors (200,1000,3,20) Size 454 988.5 832.5 983.5
(200100005,5) | SP/Type T [ 0.73/0.43  0.17/194  0.35/L06  0.16/1.95
’ T Size 43.5 674.5 387 678
SP/Type II | 0.47/0.80 0.08/2.46  0.28/1.45 _ 0.07/2.49
4 |~ -4
(200,5000,0.5,5) Size 274 3592.5 1382 3633

(n,p,n,s) = (200,1000,0.5,5), and focus on the autoregressive designs and
two-factor designs. We implement FA-CAR for K € {0,1,2,3}, m € {2,3}
and § € {.2,.25,.3,.35,---,.9}. The results are shown in Figures 4; to save
space, we only report the sure screening probability (SP). We also report
the computing time for different values of § in Figure 5.

Choice of K. The top two panels of Figure 4 suggest that overshooting of
K makes almost no difference in the performance, but undershooting of K
could render the performance worse (e.g., K = 1 for the two factors design).
Even with an undershooting K, FA-CAR still significantly outperforms MR
and RRCS, and is comparable with HOLP for a wide range of 9.

Choice of m. The bottom two panels of Figure 4 suggest that increasing
m from 2 to 3 slightly improves the performance especially when § is small,
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Autoregressive (K=0,m=2) Two Factors (K=2,m=2)

——FA-CAR ——FA-CAR
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Fic 5. Computing time in Experiment 3.

but we pay a price in computational cost. In general, m = 2 is a good choice.

Choice of 6. From Figure 5, smaller § tends to yield better performance of
FA-CAR; but as long as 6 < 0.5, the performance is more or less similar (and
is much better than the other methods). From Figure 5, the computing time
decreases as § increases. Combining Figures 4-5, we find that § = 0.5 achieves
a good balance between statistical accuracy and computational cost.

4. Extension to generalized linear models. In bioinformatics and
machine learning, it is often the case that the responses are not continuous,
and the generalized linear models (GLM) is more appropriate for modeling
the data. Consider a GLM with the canonical link: The responses y1, - .., yn
are independent of each other, and each y; has a probability density from
the exponential family:

f(yi) = exp{yif; — b(6;) + c(vi) }, 1<i<n,

where b(-) and ¢(-) are known functions satisfying that Ey;] = ¥/(6;). The
parameter 6; is called the canonical or natural parameter. GLM models that

The parameters By € R and 8 € R? are unknown.? Same as before, we call
a nonzero entry of 8 a “signal”. We are interested in ranking the variables
such that the top ranked variables contain as many signals as possible.
Marginal Ranking (MR) can be conveniently extended to GLM, where
the marginal correlation coefficients are replaced by the maximum marginal
likelihoods or maximum marginal likelihood estimators (Fan, Samworth and

3We can also add a dispersion parameter o and all the results continue to hold.
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Wu, 2009; Fan and Song, 2010). With similar ideas, FA-CAR can also be
extended to GLM.
Write X = [X1,...,X,] = [z1,...,2p]. Our main ideas are as follows:

e In the FA step, we run SVD on X and obtain X = [Z1,...,&p) same

as before. We then treat the left singular vectors ai,...,ux as “con-
founding” variables and create a new GLM, where the response y is
the same but the variables are 1, ..., Uk, T1,...,Tp.

e In the CAR step, we construct the graph G° same as before. We then
modify the scores T}z using some local log-likelihood ratios and com-
bine these modified Tj7’s to get T} similarly as before.

e now describe the version o - . In the step, let =
W d ibe the GLM i f FA-CAR. In the FA step, let X
> py Okl be the SVD of X and define

K
(4.1) X=X-Y 6pipi}.
k=1

Write U = [, - - - , lig]. Let UZ/ and X! be the i-th row of U and X, respec-
tively, 1 <14 < n. We consider a new GLM where y1, ..., y, are independent
and each y; has the probability density

(4.2) Fyi) = exp{yi; — b(6;) + c(wi)},  0i = Bo+ U+ X[B.
The log-likelihood of the new GLM is

n
0(Bo, By, X, U) = Z [(Bo + Ulee + XIB8)y; — b(Bo + Ul + X[B) + c(yi)].-
i=1
In the special case of linear models (we assume 3y = 0), Model (4.2) becomes
y=Ua+XB+N(0,1,). Since a € R¥ is low-dimensional and the columns
of U are orthogonal to the columns of X, we can regress y on U only to get
the least-squares estimator &% and subtract Ua%* from y. This gives 4. So
we have recovered Model (1.4).
In the CAR step, we introduce a “local log-likelihood” for each subset
Vcd{l,...,p}
n
U, Bo, Bviy, X, U) = Z [(Bo+Ufa+X] By ) yi—b(Bo+Ula+X] y By ) +e(yi)]
i=1

where Xiy is obtained from restricting f(i to the coordinates in V. Define
the maximum partial log-likelihood as

by (y, X,U) = max €, Bo, Bv;y, X, U).

avﬁOaBV
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This quantity fv(y,f(, ﬁ) serves as a counterpart of || Pyg||? in the case of
linear models. We then introduce a counterpart of T}z for GLM:

Let G° and A; ;(m) be the same as in (1.5) and (1.6). The final scores are
(4.4) T; = max {T97" : T € As;(m)}.

We use a numerical example to compare FA-CAR with two GLM versions
of MR: MR-1 (Fan, Samworth and Wu, 2009) uses the maximum marginal
likelihood estimator to rank variables, and MR-2 (Fan and Song, 2010) uses
the maximum marginal log-likelihood to rank variables. We are not aware
of any direct extensions of HOLP and RRCS for GLM, so we omit the
comparison with them. Fixing (n,p,n, s) = (200, 1000, 3,5), we generate the
designs similarly as in Section 3 and generate binary y;’s using the logistic
regression setting. In Table 3, we report the performance of three methods,
where the measures are the same as those in Experiment 2 in Section 3. It
suggests a significant advantage of FA-CAR over the other two methods.

TABLE 3
Comparison of ranking methods for the logistic regression. The measures, SP, Type 11,
and Size, are defined the same as those in Table 2.

Designs Measure Method ‘
FA-CAR MR-1 MR-2

Tridiagonal SP/STizse II 0.871/30.15 0.4342.62 0@2@0562
e T e T T
Equal corr. SP/STiZEe II 0.2g{3.10 0.0343.03 0.0gég.OQ
T fuctors | 2G0T O e

5. Discussions. We propose a two-step method FA-CAR for variable
ranking. The FA step uses PCA to create a new linear model with a sparse
Gram matrix, and the CAR step exploits local covariate structures for vari-
able ranking. Compared with the popular Marginal Ranking methods which
completely ignore covariate structures, FA-CAR shows an advantage in both
theory and numerical performance. At the same time, FA-CAR keeps some
nice properties of MR, such as being easy to use, computationally fast, and
easily extendable.

The variable ranking is often a critical “first step” for statistical analysis.
Once we have good rankings scores for variables, we can proceed to other
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tasks such as deciding a proper cut-off, performing careful variable selection,
and conducting follow-up lab experiments. In genetic and genomic applica-
tions, the first step of ranking often has a huge impact on the final outcomes
(Chen et al., 2007). Therefore, we believe that FA-CAR has a great potential
for real applications.

Our work is motivated by improving Marginal Ranking and is connected
to the literatures on marginal screening (e.g., Fan et al. (2016); Li, Zhong
and Zhu (2012); Song, Yi and Zou (2014); Xue and Zou (2011)). The ranking
problem is especially interesting and challenging when the signals and noise
are merely inseparable, so our work is on a high level connected to the
literatures on global testing (e.g., Ji and Zhao (2014); Chen and Qin (2010)).

FA-CAR can be used as a variable selection method if combined with a
proper threshold on the scores and a good post-screening cleaning methods.
If we combine FA-CAR with the covariate-assisted cleaning method in Ke,
Jin and Fan (2014), we conjecture that it achieves the optimal rate of con-
vergence of the Hamming selection errors for the approximate factor designs
considered in this paper. The study of Hamming errors requires substantial
efforts, and we leave it for future work.

It is an interesting yet open question how to control the family-wise error
rate and false discovery rate (FDR) based on FA-CAR scores. One possible
approach is to compute the p-values associated with these scores using the
theoretical or bootstrap null distributions and plug them into existing FDR
controlling procedures. Another possibility is to borrow the recent ideas of
controlling FDR directly in the variable selection procedure (Barber and
Candes, 2015). We leave such investigations for future work.

We have introduced an extension of FA-CAR to generalized linear models.
This GLM version has nice numerical performance. It is of great interest to
study its theoretical properties in the future work.

6. Proofs.

6.1. Proof of Lemma 1. We shall prove the following lemma, and Lemma 1
follows immediately.

LEMMA 6. Suppose the conditions of Lemma 1 hold. For all methods,
n*(¢,r,h) =1 —min{d, ¢*(¢,r, h)},

where (notation: a2 = max{a,0}* for any a € R)

QZSR(ﬁan h) = (\/(1 - h2)74 —V1- 19)3-’
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c oy = ) VT VIO, 9 >1/2,
IR T min{(v7 —vI—0)%, (1 - [a)Vr—VvI—20)%}, 9 <1/2,
(Vr = VI=9), 0 >1/2,

war(Vmh) = {min{(\f— VI—02, (VI —)r—vi—29)i}, 0<1/2

We now prove Lemma 6. Consider using ¢,(q) = 2go?log(p) to threshold
(6.1) n7'(z;,y)[* in MR, T in CAR, and n(l—h?)|39"|* in LSR.
We claim that, for all three methods,

(6.2)  FB(ty(q) = Lppl_pl(q;ﬁ’r’h)a FNp(tp(q)) = Lppl_m(q;ﬁ’r’h)»
where the exponents are

1" (q) = p7"(q) = min{q, 9 + (va - |hlVr)L),
pt*a) = q,
3y (q) = min{¥ + (Vr — v@)3, 20+ [(1 = [h)V7r = Va3 ),
P54 (q) = min{ + (Vr = V@)1, 20+ [V/(1 = h?)r — g2},
py° M (g) =0+ (V1 = p)r — )i

Given (6.2), for each of the three methods, the quantity ¢* = ¢*(9,7,h) in

Lemma 6 is the solution of p2(¢q) = 1. As a result, F'Np(t,(q)) — 0 for any
g < ¢*, and FN,(t,(q)) — oo for any g > ¢*. It follows that

585 = 5y + FRy(ty(q")) = p~7 4 Lyp! 010 = Lp i),

Here the last equality comes from the expressions of p1(q) for all three meth-
ods. This proves Lemma 6.

It remains to prove (6.2). Let M; be a symbol that represents the scores
in (6.1) for each method. For an even j, define the events:

Bj1 ={Bj—1=0,8; #0,M; < ty(q)}, Bjo={Bj—1#0,8; #0,M; <t,(q)},
Dj1 ={Bj-1=0,8; =0,M; > t,(q)}, Djo={Bj-1#0,8; =0,M; >t,(q)}.

There is a false negative at location j over the events B;; and Bjs, and there
is a false positive over the events D;; and D;3. We can similarly define these
four events for an odd j, by replacing (j — 1) by (j + 1). It is seen that

FNy(ty(q)) = 3 _[P(Bj)+P(Bja)],  FB(ty(q) =

1 J

[P(Dj1)+P(Dj2)],

M-
M-

1

J
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Therefore, to show (6.2), it suffices to calculate the probabilities of the above
events. We only consider an even j, and the case for an odd j is similar.

First, consider MR, where the score for variable j is M; = n~!|(z;,y)|%
Note that

n_1/2(x;-y) =N (\/ﬁ(hﬁj,1 + 55), 0’2) .
So M;/o? has a non-central chi-square distribution with the non-centrality
parameter equal to no—2|hB3;_1+;]?. On the event Bj1, no~2|hB;_1+6;|* =
na*25j2» = 2rlog(p). It follows that

P(Bj1) = (1 — ¢) - P (xi(2rlog(p)) < 2qlog(p))
=ep(l—6)- LGp_(\/;_‘/a)i = Lpp_ﬂ_(\/;_ﬁ)i-

Here, the second equality is due to Mills’ ratio and elementary properties of
non-central chi-square distributions. On the event Bjo, if h > 0,

(1+ VL|)2 -2rlog(p), if sign(Bj—1) = sign(B;),
(1—|n|)?-2rlog(p), if sign(fB;—1) # sign(p;).

If h < 0, we have similar results except that the two cases swap. As a result,

P(Bj2) = (e5/2) - P (xi(2r(1 + |h])? log(p)) < 2qlog(p))
+ (62/2) P (X% (2r(1 — ||)?log(p ) < 2qlog(p )
= Lyp~ 20~ +DVr=valL | =20-[0-Ih)vr-va}
R SOV S

no2hBj-1 + B4 = {

Combining the above results, we have found that
FN,(t,(q ZL —min{d+(v/r—/@)3, 20+[(1—|))vr—ya@3 } _ Lppl—PéwR(Q).
j=1

Similarly, on the event Dj1, no~2|hB;—1 + B> = 0, and on the event Djs,
no~2|hBj_1 + Bj|* = h? - 2rlog(p). We then have

P(Dj1) = (1 —¢)* - P (x3(0) > 2qlog(p)) = Lpp ™,
P(Dj2) = ep(1 —¢) - P (X1(27“h2 log(p)) > 2q log(p)) = Lpp—ﬁ—(\/ﬁ—mlx/?)i_

As a result,

p
FP(ty(q) = Y Lyp~ mle 0+ (Va-hvit} — p pi=el™™(@),
j=1
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Next, consider LSR. The score M; = n(1 — h2)|B§?l‘9|2. The least squares
estimator satisfies that § = (X'X)"'X'y ~ N(8,n '02071). Here, O is
blockwise diagonal with two-by-two blocks. We immediately have

Qols o°
e (5 o)

So M;/o? has a non-central chi-square distribution with the non-centrality
parameter n(l — hz)a_QBJQ-. On both of the events Bj; and Bjo, the non-
centrality parameter is equal to (1 — h?)-2rlog(p); it is easy to see that the
probability of Bj; dominates. It follows that

p

FNp(tp((I» = LPZP(BJ ) = Lyppep - P (X%(%(l - h2) log(p)) < 2¢q 10g(P))
j=1

= Lyp' - (V(=h?) Vi — Lppl—ngSR(Q).

On both of the events Dj; and Dj2, the non-centrality parameter is equal
to 0, and the probability of D;; dominates. It follows that

p
FPy(ty(q)) = Ly Y _P(Dj1) = Lyp - P (x1(0) > 2qlog(p))
j=1
— Lppl_q — Lppl—pfSR(Q)'

Last, consider CAR. Note that T = max{T}(;y, Tj(j_1,} }- It is easy to
see that T}, coincides with the score in MR. To obtain the distribution of
Tj(j-1,}» we apply (2.12). Let n = (2;_,y,2%y)" and H be the two-by-two
matrix with unit diagonals and off-diagonals h. It follows from (2.12) that

1
—1 —1 2 )
Tij-15y =n " H 'p—ni) = (1 — ) 2~ )

Write W = ﬁ@h—hnl), Then, ,Tj|{j71,j} = W?2. Since n~ N(RHB,HH),

W~ N (Vi =12)8;, o2).

To summarize, we have found that

Tji3/0% ~ X3 (no~218; + hBj-1]?),
(6.3) Tjigj-1.3/0% ~ xi(no (1 = h?)57).



28 Z. KE AND F. YANG

Consider the type II errors. We use a simply fact that maX{Tj‘{j}, Tj|{j_17j}} <
tp(q)) has a probability that is upper bounded by either the probability of

Tjijy < tp(q) or the probability of T);—1 ;3 < tp(q), so we can take the

minimum of these two probabilities as an upper bound. On the event B,

the non-centrality parameters for the two statistics are nﬂ? and n(1—h?) BJ?.

Therefore, the type Il error is determined by the behavior of T} ;3. It follows

that

P(Bj1) < ep(1 — &) - P(Tj1153 < tp(q))
= (1 — &) - P(x7(2rlog(p)) < tp(q))
_ -Vt

On the event Bj2, the non-centrality parameter for E\{j,l,j}/JQ is the same
as before, which is n(1 — hQ)U_QBJQ- = (1 — h?)-2rlog(p). The non-centrality
parameter for T} /o? has been studied in the MR case, which is equal to
(14£|h[)%-2r log(p). In the case of (14 |h|)?-2rlog(p), since (1+]h[)? > 1—h?,
the type II error is determined by the behavior of T}(;;. In the case of
(1—1|h|)?-2rlog(p), since 1 — h? > (1 — |h|)?, the type II error is determined
by the behavior of Tj(;_1 j;. As a result,

P(Bja) < (€5/2) - P(Tji5y < tp(q) + (6/2) - P(Tj1-1,51 < tp(0))
= (p/2) - P(xi(2r(1 + [h])*log(p)) < t,(q))
+(6/2) - P(xi(2r(1 — h*)log(p)) < t,(q))
_ Lppfwf[(lﬂhl)x/ﬁﬁ]i + Lppfmﬁ(w/(lfhz)rf\/a)i
_ 12 Ay

Combining the above results, we have

P
— minq 9 r—/q)%, 209 “h2)r— . /5)2? _
FN,(t,(q)) :E :Lpp { +(Vr=ya)?2, 20+(y/(1=h2)r—/q) } — Ly PGAR(g)
Jj=1

Consider the type I errors. On the event Djq, both non-centrality parameters
in (6.3) become 0. We then use the probability union bound to get

P(Dj1) < (1= &)* - [P(Ty5 > tp(0) + P(Tyig5-1,53 > tp(a))]

= (1— )" - 2P(x7(0) > t,(q))
= Lyp 7.
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Similarly, on the event Do,

P(Dﬂ) < ep(l - Ep) : [P(Tﬂ{j} > tp(@l)) + ]P(Tj|{j—1,j} > tp(CI))]
=&(1— ) - [P(x3(2h%rlog(p)) > t,(q)) + P(x7(0) > tp(q))]
e NG

It follows that

C’AR( )

p
FR(ty(q) = > Lyp~ min{g, O+(vi-IMvI3} = [ pl=f*" (@),
7=1

The proof is now complete.

6.2. Proof of Corollaries 1-2. Consider Corollary 1. It suffices to prove
(6.4) w;(r,m) > cor, for all j € S.

Once (6.4) is true, the ¢* (9, r, m) defined in Theorem 1 satisfies ¢*(¢, r,m) >
(y/eor — /1 —9)%. Then, Corollary 1 follows.

We show (6.4). Fix j € S and let Z; be the unique component of gg
that contains j. By (2.4) and (2.6), Z;, € As;j(m). It then follows from
(2.10) that wj(r,m) > wjz, (). Furthermore, by arguments in Lemma 8,
wjiz, (1) = wj(r) + o(wj(r)). Combining the above gives
nA9|Zk 2

il m) 2w (r) = g

J
Note that A?IIk = Gé’j—Gé’N(GéV’N)flGév’j, where N = T;;\ {j}. We arrange
indices in Z; such that j is the first index. By the matrix inverse formula,

A.?|Zk is the inverse of the first diagonal of (Gg’“’z’“)*l. As a result,

0 T, I,
Aj|Ik > )\min(Gok k) > ¢,

where the last inequality comes from Gy € My(g,7, co, Cp) and |Z| < £y <
g. Combining it with |3;| > 7, gives (6.4).

Consider Corollary 2. In FA-MR, since the columns of X have unequal
norms, we first normalize them: ¥ = (v/n/||%;(|);. We then rank variables
by the marginal correlation coefficients

(&5, 9)1/(@, &) = n'2|(2/112;0, 9)] = n* 2| Pgyill,

where we recall that Pp;39 is the projection of § onto Z;. So FA-MR is a
special case of FA-CAR with m = 1. The claim then follows from the fact
that w;(r,m) is a monotone increasing function of m.
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6.3. Proof of Lemma 2. Without loss of generality, we assume vj0; > 0.
By definition, O91 = A191, where © = A\jvjv] + Go. It follows that

(65) A1 (’Uif)l)’l)l + Got1 = ;\1@1.
By Weyl’s inequality, [\ — M| < [|Gol| < |Golloo < A1/3. As a result,
(6.6) (2/3)A1 < A1 < (4/3)A1.

In particular, the minimum eigenvalue of 5\1Ip — Gy is lower bounded by
(2/3)A1 — [|Goll = A1/3. So (A1, — Go) is always positive definite. So we can
solve from (6.5) to get

. A (V)0
(6.7) b1 = (I, — \{1Go) ™" le.

1
We now show the claim. Write A = (Ip—j\l_lGo)*l—Ip and € = %ﬁﬁl)—l.
1
We have

101 = v1lloe = ||(Zp + A)(L + €)vy — v1|
< ||A'U1Hoo + ||€U1 + GA'UlHoo
(6.8) < | Allsolvillos + lel - (lvilloo + [Afloollv1floo)-

First, we bound ||A||s. Since (A + I,)(I, — A *Go) = I,,, we have
A = X\1Go+ AN 1G.

Using the triangular inequality, [|Allcc < ATHGolloo + [[A oo AT 1 Golloo- Tt
follows that <
A llGollo

1Al < A0
1= A Goll

By assumption, ||Golleo < A1/3; by (6.6), A™1 < %/\1_1. So the denominator

1= A7 YGolleo > 1/2. Tt follows that

(6.9) 1A]lse < 37| Gollso-

Next, we bound |e|. Note that

)\1(1)’1@1) A1 A1 /!~ 3 HGOH 3 I
=l— -1 <|1——|4+—-|1— < —— 4+ =1 — ,
|€| ‘ A1 ‘ B | )\1| A1 | Ulvl‘ T2 M 2‘ an
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where we use [A; — \i| < [|Go| and (6.6) in the last inequality. We now
consider [1 — v191]. Multiplying both sides of (6.5) by 9] from the left, we
get Aq (Uif)l)Q + ’LA}iGolA}l = \1. So
A 9]God
a2 A 01Gol
(vlvl) )\1 )\1 °

As a result,

A1 n |01 Got1] < 1Goll n |Goll ZQHGOH.

1_ /A~ <1_ ! 2< 1_7
|1 — o] < (v101)” < | )\1| Ny A1 A1

Combining the above gives
9., 9.,
(6.10) el < AT G0l < 527 Gollee

We plug (6.9)-(6.10) into (6.8), and use ||Golloo < A1/3. It yields

3|Gollse . 9||Gol|co 3||Goll o 12 5o ||Golloo
|Goll N [Goll N [Goll ) < lvillollGolloc
A1 21 A1 A1

(1

WPWMSWMM<
This proves the claim.

6.4. Proof of Theorem 2. As preparation, we introduce ¥, defined in
(6.12), as a counterpart of 9 for 1 < k < K. By Weyl’s inequality, for any
1<k <K, |\ — M| <[Goll < [|Golloo < C7 Ak < O Tt follows that

-1 “ 1
(6.11) @ e < M < G+ A

1 1
Write A = diag())l,--- ,Ak) and A = diag(j\l,-~ ,XK). Recall that V =
[v, - ,vk] and V = [01,- -+, 0k]. By definition,

Xkﬁk = @@k = (VAV/ + G())ﬁk,
which implies (AxI, — Go)ox = VAV'iy.. By (6.11), (ApI, — Go) is positive
definite. Hence,
(6.12) o = (I, — A\ 'Go) Yok, where @ = AN (VAV )iy
Write V = [0y, - -+, ¥k]. B
We now show the first claim about |[VV’ — VV/||pax. It is seen that

IVV'=VV |lmax < [VV' = VV ||lmax + |[VV = VV'||max
K
(6.13) <Y 0wy, — Ok llmax + IVV = VV|lax = T+ 1.
k=1
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First, we bound I. For 1 < k < K, letting A, = (I, — 5\];100)—1 — I, we
have || — Uk|loo < [|Ak||ool|Ok |00 and

10807, — DT lmax < [0k — Tkl % + 2[10k — Tk oo || Tkl
(6.14) < 1B 112 1Ak % + 211 Aklso)

We consider ||Ag||oo and ||0k||c separately. Observing that Ay = S\I;IGO +
AR Go, we apply the triangle inequality to get HAkHoo < 5\_1HG0HOO

||Ak||oo 1||GO||OO By (6.11) and the assumption, >\k [Golloo < C1 1||G0||oo =
. It follows that

C’l—l

A HIGollo Cl—lHGoHoo< C1 ||Golleo
X,;1||G0\|OO Ci—2 )\, Ci—2 X

[Alloo <
Recalling that o, = A 'VAV'0y, we have ||og]lco < AL |V [|lmax | AV 8%]1 <
AV max - VE AV % ||. Since |V = 1 and [|ox] = 1, [AV' ]| < Ai. Tt
follows that

ke < VR (52 IV e < VE 2 (52 IV

Combining the above with (6.14) and noting that ||Ax||%, < Cl|Aklleo, we
find that

VR (M
(6.15) 64t = s < ONGY(52) 1V s Gl

We then bound II. It is seen that

K
VV = VV' =) A PVAV i, VAV — VvV
k=1
= VAV'VA2V'VAV —VV!
(6.16) =V(M'M—Ig)V',  where M=A"T'V'VA.

We now derive a bound for ||M'M — Ik||. By definition,
(VAV' + Go)V =0V = VA.

Multiplying both sides by V' from the left and noting that V'V = /e’ = Ik,
we find that A(V'V) 4+ V'GoV = (V'V)A. This yields an equation for V'V:

(V'V)A = A(V'V) = V'GyV.
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As a result, we can write
(6.17) M =ATAWV'V) = V'GeV] = V'V — A"H(V'GoV).
Write B = —A~1(V'GoV). It follows from (6.17) that
IM'M — Ir|| = |(V'V + B)'(V'V + B) - Ix||
< VVV'V = Ikl + 2| BIIV'V]| + || BI?
< V' (VV' = vV V[ + 2| Bl + || BI*)
< [VV' = VvV'|[ + @IBI + ||B]I?),
where the third inequality is because |V'V| < 1 and V'V = I. Appl

ing the sine-theta theorem (Davis and Kahan, 1970), we obtain ||V'V’
V| < AKH—GI%()H' Combining it with ||Gol| < C; Ak gives [|[VV' — V||

33

y_

<

Clcil)\;{lHGoH. Moreover, ||B| < ;\;_(I”Go\’ < 011/\[_(1HGOH by (6.11). We

Ch—
plug these results into the above inequality and find that

(6.18) MM — Ik || < A Goll-
Combining (6.18) with (6.16) gives
va/ - VV/HmaX < ”V(M,M - IK)HOOHV/HmaX

< KVE||M'M — Ig|[|V |2
(6.19) < OO GollIV ]2 -

We plug (6.15) and (6.19) into (6.13), and note that ||Go|| < ||Go|le and

A > Mg for all 1 < k < K. It follows that
. /A2
V0 = V'Vl < CoAZ (55 ) 1V e Gl
K

This proves the first claim.
We then show the second claim about ||G — Go||max. Note that

|G = Gollmax = [VAV' = VAV|| max

<|[VAV' = VAV ||max + VAV — VAV || max
K ~ ~ A o~

e ||k}, — |l max + [VAV" = VAV|| max
k=1

IN

K
A1 o n
(6:20) <Y ()W IaxlGollo + VAV = VAV s,
k=1
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where we have used (6.15) and (6.11) in the last inequality. It remains to
bound ||[VAV’ — VAV ||max. We recall the definition of 0% in (6.12) and M
n (6.16). By direct calculations,

VAV — VAV’HmaX_HZA (VAV}, (VAV') — VAV||
k=1

= |[VAV(VATYW)VAV' = VAV || max
= [[VA(V'VM)V' = VAV [lmax
< KVE|V|ZuANVVM - Ix|.

max

By (6.17), M = V'V + B, where B = —A~}(V'GoV'). In the proof of (6.18),
we have seen that |[VV/ —VV/|| < Cl A Goll and [|B]| < C’?IIAK |Gol|.
It follows that

\V'VM—Ig|| = ||[(V'VV'V —Ig)+ V'VB|
< VV = VV/|| 4+ [IB]| < CAMGoll-

Combining the above gives

(6.21) VAV = VAV < C(52) 1V Gl

We plug (6.21) into (6.20), and note that |G| < [|Golleo and A\ > Ag for
all 1 < k < K. It yields that

1G = Gollms < 5 (52) 1V Bl Gl
This proves the second claim.
6.5. Proof of Lemma 3. By (2.3) and Weyl’s inequality, we know
5 /n > A — [|Goll > log(p) 6541 /n < ||Goll < log(p)

and hence K, = K where K, is defined in (2.5).
Forany 1 <i < K and1 < j < p,since ©(j, ) = Go(j, j)+ > pey Mev(4)? =
1, we have

Ak Vi (] ) < \wi(g

HMN
?r‘
(=
R‘
|
—
|
Q
o
Yo
Q
Q
N—
—

and hence by (2.3), we have

mae [[uill% < AR = o(1/ max{s,. log(p)})

Then we can get the desired result by directly applying Theorem 2.
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6.6. Proof of Lemma 4. We give several technical lemmas that are used
frequently in the main proofs. Lemma 7 gives the exact distribution of the
statistic Tj)7. Lemma 8 implies that, if we replace ggvs with gg in the def-
inition of w;z(r), the resulting change is negligible. Lemma 9 shows that
those small entries of G (recall that G is the Gram matrix of model (1.4))
has negligible effects on screening. In this section, we write G(j,j) = G’
and GUHN = GIN for notation convenience, similarly for Gg’j and Gé’N.

LEMMA 7. Under the conditions of Theorem 1, for T C {1,--- ,p} such
that |Z| < g and any j € I, Tz has the same distribution as W?2, where

W~ N(w,o?),

w = ”1/214]1‘/12 |:6] + Aﬂ%(Gj’ICﬁIC . Gj’N(GN7N>_lGN’ICIBIC):| 7

and Ajz = G — GIN(GNN)TLGN with N = T\ {j}.

If there is an edge between i and j in G°, then |Go(i,5)| > |G(i,4)| —
|G — Gollmax > 6 — 0(dp) 2 1.016,, where we have used Lemma 3 and the
assumption (2.6). So there must be an edge between i and j in GJ. In other
words, gg is a subgraph of gg g by removing some edges. Fix j € S and
Z ¢ ZU) where ZU) is the unique component of 9375 that contains j. We
introduce a counterpart of w;z(r) in (2.9) when 7 C Go:

2
" 20%log(p) '

st = oy g e io o)
where Aji7 = G — GIN(GNN)"1GNG with N = T\ {j} and F = T0)\ 7.

LEMMA 8. Under conditions of Theorem 1. For any j € S, if T, the

unique component of Qg}s that contains j, has a size < g, then for any
T c IU) we have A%I > co and \A%I - Aj\zmgg| = 0(0p). Moreover, if
T C Qg then |@j‘1(r) - wj‘I(r)\/wﬂI(r) =o(1).

LEMMA 9. Define the matriz G° € RPP by G%(i, 7) = G(i,)1{|G (i, j)| >
0} for 1 <i,j < p. Under conditions of Theorem 1, for anyZ C {1,2,...,p}
and J C {1,2,...,p},

| (57 = (@) 87|, < € (108(p) ") + 551G — Gollax ) 7 = 0(7,).
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Now we prove Lemma 4. We denote ZU) as T, for some 1 < k < M. We
know by Lemma 7 that T}z ~ N?(wy,0?) where

wy =242 (85 + AL [V — GIN(GNN)TIGNT)ER) 14T

and

_ nl/gAj—é/QGj,IzIBIg’II — 1/2A ‘%/QG] N(GN N) 1GN’I£BI’2

It’s easy to see that there exists a constant C such that |G (GNV)~1|| o, <
C'. By definition of Z, and the fact that G C 9375, we know (G°)Zk i g7k = 0

where G is defined in Lemma 9. Hence we have
GITi BT = (GB) T — GTwTr gTr — (sz,z,g _ (Gé)zk,z,g> g
By Lemma 9, we know
IGTT T oo = [[(GBY™ =GP |log = o(7) = o(n”"/?/log(p))
which suggests that

max{|I, [T} = o(v/log(p))

By Lemma 8, we know

wy = 04/2log(p)w;iz(r) + o(v/1og(p)) = oy /2log(p)w;z(r) + o(+/log(p))

which implies Lemma 4.

6.7. Proof of Theorem 5. For any j € S and any Z € Aj;(m) with
7 ¢ IU), we know by Lemma 4 and Mill’s ratio,

P(Tyz < tyla) S P(wwmﬂzma?1og<p>,a2>|s 2007 log(p))

P <N(O, 1) > \/2w;iz(r) log(p) — v/2qlog(p )
L~ (e -y- 2

IN

IN

which implies that

P(T; <t Tor <t < I~ [(Wwilrm)=ya) 4]
T <)< | min P < (@) < Ly (V5
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Therefore, we get
E(S\S(@)) =Y. P(TF < ty(q) < L,y p (Vs rm =V
JES JES

Now we look at the second term. Recall G® defined in Lemma 9. We show
that each row of G° has at most C(log(p))” nonzeros for some constant C.
For any 1 < i < p, suppose there are K; nonzeros at ith row of G°. By
Lemma 3, when p is sufficiently large |G — Go|lmax < 0/2. Hence we have

Co > Z Go(i, )] Z |G (i, 7) i,5) = Go(i,3))|" = Ki(6 = 6/2)7
7j=1

which implies that
K; < Co(6/2)77 < C(log(p))”

By a classical result in graph theory (Frieze and Molloy, 1999), we have
for any 1 < j <p,

(6.22) [As,j(m +1)| < (m + 1) (e max K;)™ < C(log(p))"™
1
Define
St(m) ={1 < j <p:jis connected to S through a path of length < m in G°}

For j € Sj(m), we know there exists a node i € S NZ for some Z €
Aj j(m +1). This implies that j € Z € As j(m + 1). Hence we have

|S5(m)] <> m|As;(m)| < Csp(log(p))™™

€S

For j & Si(m) and any Ajs;(m), by Lemma 7 we can write Tjjz = W?
where W ~ N (w, 0?) and

w— n1/2Aj*|%/2Gj,ICIBIC . n1/2Ajf|%/2Gj,N(GN,N)AGN,ICBIC

By definition of S3(m), we know (G°)12° 2% = (G°)19 3% = 0. By Lemma 9
we have

||GI,ICﬁZc||OO _ H <GI,IC _ (GJ)I,IC> BIcHOO _ O(Tp)
which implies that w = o(n'/?7,) = o(1/log(p)). Hence we have

Tjiz ~ o°x7 (o(log(p)))
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which suggests

P(Tyz > t(@) < P (M(0,1) > /24108(p) — o(v/108(9)) ) < Lyp™

Hence by union bound, we have

P(T; > tp(q)) < Y P(Tjr > ty(@) < Lpp | Asj(m)| < Lyp™*
TeA;,;(m)

Therefore, we have

E(S(@)) = Y PT>t@)+ Y, P(I}>ty(q)
jesz (m) J#S5(m)
1S5 (m)| +p- Lyp™?

<
< Csp(log(p))™ + Lyp' ™1

which proves the theorem.

APPENDIX A: PROOF OF SECONDARY LEMMAS

A.1. Proof of Lemma 7. We need some preparations. First, we show
that

(Al) Aj|I > Vmin(GLI) Z €0,

so that Ajz is always positive. A helpful result is the matrix blockwise
inverse fomular

A Bl _[AT+AT'BMCAT —AT'BM] _[AT' 0] [B],, c
c D] —~MCA™! M L0 o |1

with M = (D — CA~'B)~!. Without loss of generality, we assume j is the
first index in Z. Applying the above formula, we see that (Aj‘I)_l is the
(1,1)-th entry of (GEF)~1. It follows that Ajiz > vin(GE7). Since |Z] < g,

it suffices to show that v;(G) 2 co where v (G) is the same as in Section 2.1.

For any ¢ x g matrix E which is a principal submatrix of G, let Ey be the
corresponding principal submatrix of Go. We know vpin(Eo) > ¢o. By Weyl’s
inequality and Lemma 3,

[Vinin(E) — Vmin(Eo)| < ||E — Eoll2 < gl E — Eollmax = o(1/ log(p))

which implies that vmin(E) 2 co and hence v;(G) 2 co as p goes to infinity.
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Second, we introduce y; = X' and show that
(A.2) y1 ~ N (nGB,o*nG).

Since §j ~ N(XB,02H) where H = I,, — 3", tuit},, we have y; = X'jj ~
N(X' XB 0?X'HX). Noting that X = HX and G = (1/n)X'X, we obtain
X'HX = (HX)H(HX) = X'H?X = (HX)'(HX) = X'X = nG. So (A.2)
follows.
We now show the claim. By definition,
Tjz = IIPcill* — IPnilP
- N1 - - SRR
— g/XI ((XI>/XI) (XI),ng,XN <(XN)/XN) (XN)/,g
= 2 D) (GPN) T = ) (G T
B _ GNJV —1 0
=y (@t [T

where we assume j is the last index in Z for the presentation purpose.
Applying the matrix inverse formula, we obtain

A3 T'I:n_ 'B'A7; lByI, B=[-GiNGNN)-L 1],
Jl j1zPY1
Therefore, T]‘I = W for W — n—1/2A |%/2 (yl )

It remains to calculate the mean and variance of W. First, by (A.2), the
variance of W is 02 A ‘I( BGTIB'), where by definition of B and elementary

calculations, BGIIB’ Ajiz. So var(W) = o2. Second, it is seen that
W = n_l/QA_éﬂ( | GIN(GNNY=1yNY 1t follows from (A.2) that
E[W} _ nfl/QA 1/2 ( Gj,N(GN,N)fl(Gﬁ)N}

[

_ n—1/2A 1/2 [Gg IBI Gj,N(GN,N)—lGN,ZﬁI + Tem}

_1/2A 1/2 [GHB L GINGN _ i (GN,N)—lGN,ij _ QINgN +7“em]
[4

— 1247 1/2

gz [Azh + rem] ,

where rem = G317 — GIN(GNNIGNL BT So E[W] = w.

A.2. Proof of Lemma 8. Fix j and for any Z ¢ ZU) denote by Z =
T mgg. Without loss of generality, we assume j is the first index of both sets

7 and Z. By Lemma 7, we have seen that Aj_|% equals to the (1, 1)-th entry of
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~1; similarly, (A0|z) equals to the (1,1)-th entry of (G 1)=1, Since

AY7 > Main(GEF) > 3(Go) > co.

This proves the first claim.
We now show the second claim. Since both A(JJ'II and Aj‘j are upper
bounded by some constant, it suffices to show that

(A1) (A9) 7" = AL = 0(5,)

By triangular inequality,

(A5~ = A = 1(Ge ") (L) = (GFH) L)

<[(GEH L) = (GTH T )+ [(GFH) TN, 1) = (GEH) T )
=1+11.

Consider I. First, since |Z| < g, ||GFT — Gg’IH < /|G = Gollmax = 0(dp)
by Lemma 3. Second, )\min(Gg’Z) > v4(Go) > co. It follows that

I<|(GeH™ <G“> < @EH Y163 - ait
(A5) S ?IGET — G| = o(5y).

(G

Consider II. By definition, we have Z C Z. If Z = Z then IT = 0. Other-
wise, write N = Z \ Z and assume w.l.o.g. that the first |Z| indices in Z are
from Z. Since Z = ZN G2 g, there are no edges between nodes in N and nodes
in Z in the graph G2 g. This implies that

1GEN | pa < 6 < €.
Introduce a blockwise diagonal matrix D = diag(Gii ,GNN ) Tt is seen that
I=[(GEH~Y(1,1) — D7Y(1,1)] < [(GFT)~L — D71
< (DD G - DIl £ 5”65 — D
(A.6)

0 Gf,N
GNI

0’ < i 2IGEN| < 5 2glGTN [[max = O(6,).-

Combining (A.5)-(A. 6) we prove (A.4).
Now suppose Z C G3. We’ve shown that |Ajiz — A0|Z| = 0(dp). It suffices

to show that the difference between B = GJ* — GZ™N(GY"™M)1Gy"" and
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B = G -GN (GNV) LGN s negligible. In fact, by similar argument in
(A.5) we have ||(GZ<])’Z(7))_1 - (Gg(])’z(]))_1|| = 0(dp). Suppose w.l.o.g that
F'U{j} are the first several indices of 70 where ZU) = F U {j} U N, then
we know the inverse of B :_GF_U{j}’FU{j} — GFUULN(GNNY=1GN.FU{G} 45
the upper left block of (GZ(])’I(J))A, and B is a submatrix of B. We can

define B? similarly where BY is a submatrix of B. By some simple algebra,
we get | B — BY|| = o(d)

A.3. Proof of Lemma 9. Recall that S is the support set of 8 and
|S| = sp. It is seen that
H(GLJ _ (Gé)I,J)IBJHOO — H (GZ,JQS _ (G(S)Z,JQS)BJQSHOO
<GP = (G5 oo 18775 oo
< arp - [|GF = (G0) o
Therefore, to show the claim, it suffices to show that

(A7) 167~ (@5 < C ([log®)] ™0™ + 55lIG — Gollmax ) -

For any 1 <i < p, we define [; = {1 < j <p:|G(i,7)| < d}. Then,

7,5 \Z, Sre N L.
IG5 = (G oo < max 3 |G i, j) = G°(6,5)] = max > |GG, J)
JES jesni;
<
max > [Go(isj)| + max > [Go(is j) = G, )
jesni; jesnI;
<
max > [Goli: )| + 351G = Gollmax
jesni;
Therefore, to show (A.7), it suffices to show that for any 1 < i < p,
(A.8) > 1Go(i, 5)| < Cllog(p)] 7.
jesnI;

We now show (A.8). For any j € I;, |Go(i,7)]
d + |G — Go|lmax, where 6 < Cé, = Cb/log(p)
o(1/log(p)) by Lemma 3. Hence, |Gy(3,j)| <
where by > 0 is a constant. We have

> 1Go(i ) < Y 1Goli, |G, )M

jeSNI; JjEel;
< by "log(p)] D " Go(G, 5)
Jjel;
< by [log(p)] 77 - Gy,

<G D+ 1G = Gollmax <
by (2.6) and |G — Go|lmax =
b1/ log(p) whenever j € I;,
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where we have used the assumption Gy € My(g,7,co, Cp) in the last in-
equality. This proves (A.8).
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