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This file contains four sections. Section A discusses an extension of ARW
where the nonzero coordinates of 1 have both positive and negative signs.
Section B-D contain supplementary proofs for the main paper [5]: Section B
proves Lemmas 2.1-2.4, Section C proves Lemmas 3.1-3.3, and Section D
proves the secondary lemmas that are used in Sections B-C.

APPENDIX A: AN EXTENSION OF THE ARW MODEL

We consider an extension of the Asymptotic Rare and Weak (ARW) model
in Section 1.2, where Models (1.1)-(1.2) and the calibration (1.8) continue
to hold but (1.7) is replaced by a more sophisticated signal configuration:
Al )P U-Owtaev,t+(l—a)e v, 1<j<p,
where 0 < a < 1/2 is a constant. This extended model includes the orig-
inal ARW as a special case with a = 0. In this extension, we allow the
nonzero coordinates of the feature vector u to have positive and negative
signs. Due to such a change, we need to slightly modify the definition of the
(normalized) Hamming distance for signal recovery: Hamm,(f, o, 3,6) =
(pep)~t ?:1 P(sgn(u(7)) # sgn(fu(4))). The loss functions for clustering
and hypothesis testing remain the same.

When 0 < a < 1/2, with high probability, the majority of the nonzero
coordinates of u are positive, and the performance of the four methods in
Section 1.1 is not affected. Furthermore, the statistical limits and CTUB for
all three problems continue to hold. For brevity, we omit the details.

The case of a = 1/2 is more delicate. In this case, the two aggregation
methods turn out to be ineffective. In light of this, we introduce a variant
of the Sparse Aggregation, where we cluster the n subjects by

(A.2) 08 = san(X ).
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Here,

~lsa
(A.3) iy = argmaxe( 1 0.1ypuo=n 11Xl
Also, we use /lg\sfa) to estimate the sign of p (i.e., for signal recovery), and
use the test statistic

(A.4) T = N2 x5 L

for hypothesis testing. Note that if we force u(j) € {0,1} in (A.3), then it
reduces to the original Sparse Aggregation.

Remark. We have not found a variant of Simple Aggregation that both
achieves the statistical limit and is computationally tractable. However, in
the less sparse case, the classical PCA turns out to be already optimal. !

We now present the statistical limits and CTUB for all three problems.
They are different from the ones we present in the main paper [4]. First, we
look at the statistical limits.

(1+60—-2p8)/4, < (1-6)/2,

n§(B) =1 0/2, (1-6)/2<p8<(1-0),
(1-8)/2, B> (1-9).

si | 8/2, B <(1-20),

”GW‘{ A16-8)/4,  B>0-0)
(1+6—2p5)/4, B<(1-6)/2,

0P (8) = { /2, 1-0)/2<p<(1-0),
(1+6—75)/4, B> (1-10).

Figure 1 (top left panel) displays the statistical limits for three problems.
Comparing it with Figure 2 (top left panel), we find that : (a) the black curve
(signal recovery) remains the same, (b) the red curve (clustering) remains
the same, except for the segment on the left is replaced by 7* = p/(ns?), (c)
for the blue curve (hypothesis testing), the right most segment remains the
same, while the other two segments coincide with those of the red curve.
Achievability. The statistical limit of clustering is achieved by the classical
PCA (the left segment) and the variant (A.2) of Sparse Aggregation (the
right two segments). For signal recovery, the right two segments are achieved

IClassical PCA for hypothesis testing is to reject the null hypothesis when the leading
singular value of X is larger than ,/p++/n+log(p); for signal recovery is as the description
in Section 3. However, for signal recovery, since we need to estimate not only the support
but also the sign of p, we slightly modify it to ,&Sff)(j) =sgn(9(5)) - 1{|9(j)| > 2+/log(p)},
where § = Xfiif) and Ziif) denotes the class label vector estimated by classical PCA.
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Fi1a 1. Top left: statistical limits for clustering (red), signal recovery (black), and hypothesis
testing (blue); s = pe,. Other three panels: CTUB (green) for clustering (top right), signal
recovery (bottom left) and hypothesis testing (bottom right), respectively.

by the modified Sparse Aggregation (A.3), and the left segment is achieved
by classical PCA. For hypothesis testing, the left segment is achieved by
classical PCA and the right two segments are achieved by the modified
Sparse Aggregation (A.4).

Next, we present a CTUB for each of the three problems:

75" (8)

i (B)

~hyp
o

(8)

(1+6—-2p8)/4,
6/4,

(1-0)/2,

6/2,

(146 —28)/4,
6/4,

(1 +6— 26)/4,
6/4,

|

B<1/2,
1/2<p5<1-6/2,
g>(1-0).
p<(1-0)/2,
(1-0)/2<pB<1/2,
g >1/2.

B <1/2,

g >1/2.

See Figure 1 (top right and the two bottom panels).



Methods associated with CTUB. The CTUB for clustering is associated
with the methods of classical PCA (left segment) and IF-PCA (right two
segments). The CTUB for signal recovery is associated with the methods
of classical PCA (left segment) and IF-PCA (right segment). The CTUB
for hypothesis testing is associated with the methods of classical PCA (left
segment) and IF-PCA (right segment).

Remark. We now make a connection to the recent literature on the Gaus-
sian mixture learning (e.g.[1, 3]). In our framework, we calibrate with (e, 7).
In the latter, we calibrate with ||u|| and ||u||o. For brevity, we only discuss the
problem of hypothesis testing. The statistical limits for hypothesis testing
can be (roughly) re-stated as follows:

o /np <K s <K p: sT?=/p/n.
o n<<8<<\/np:7':n_1/2.
o s n:T=(sn)" V4

Note that the first item corresponds to the non-sparse cases in the Gaussian
mixture learning literature, where ||u||> = s72 = y/p/n; the results match
with those in, e.g., [1, 3]. The second one is part of the sparse case in the
Gaussian mixture learning literature, where 1 < ||u|? = p/n < /p/n
and n < [|pllo < \/np. The last one is also part of the sparse case, where

lpl|?> = v/s/n and s < n.
APPENDIX B: PROOF OF LEMMAS IN SECTION 2

In this sectoin, we prove the post-selection random matrix theory results
in Section 2, specifically Lemmas 2.1-2.4.

B.1. Preliminary lemmas for Section 2. Lemma B.1 states the
well-known Bernstein inequality [6]. Lemma B.2 is a result from classical
Random Matrix Theory [7, Page 21|. Lemma B.3 states some properties
about columns of the matrix Z(9); it is proved in Section D.1.

Lemma B.1 Let Xi,---, Xy be independent random variables with E[X}]| =
0 and var(Xy) < vg, for 1 <k < N. Suppose E(|Xg|™) < vpgm!c™2/2 for
all m > 2, where ¢ > 0 is a constant. Then for all X > 0,

P(S" Xe| 2 WE) < exp <_ /2 ) .
k=1 B B > ko1 Ue/N + eA/VN

Lemma B.2 Let A be an N X n matriz whose entries are independent stan-
dard normal random variables. Then for every x > 0, with probability at least



1 — 2exp(—22/2),
\/N_ \/ﬁ_x < Smin(A) < SmaX(A) < \/N"i_ \/ﬁ—i-l‘,

where Spmin(A) and smax(A) are the respective minimum and mazimum sin-
gular values of A.

Fix ¢ > 0. With e; = (1,0,---,0) and z ~ N(0, I,,), we introduce a few
notations:

P(||z]|* > n 4+ 2y/qnlog(p
= P(||z + v/nT, erl]? >n+ 2\/qnlog
E[(2(1)2 - 1{J2112 > n + 2¢/qnlog(p) }},
E[(z 2 1{||z—|—\/ﬁ7';el||2 >n+2\/qnlog(p)}],
CSJ) = B[(2(1 ))2 |z + Virgedl” > n 4 2¢/qnlog(p)}].
For notation simplicity, we omit all the superscripts. In the following lemma,
m{D (0, ), m? (¢, 1) and the event D), are defined in Section 2.

Lemma B.3 Let S(u) denote the support of p, km, = E(|2(1)|™) and kam(n) =
E(||z]|*™), where z ~ N(0,1,,). Below, all the probabilities are conditioning
on (L, 1), and the o(1) terms are uniform for all realizations of (¢, 1) in the
event Dp.

(a) Fiz j ¢ S(u). For any v € S™ 1 and any integer m > 1

o ap’

(b) Fiz j € S(u). For any v € "' and any integer m > 1

B/, = by + (o~ by e
E(Jv27™) < ki (1 + o(1)),
E()|2 @ 2) Z b, 4 (cp — by).

E(l2, (9 2m) < 9y (m)y (14 (1)),

by = 7r1(1+L n=), e, =m (1 + Lyn~ V4.



(¢) mD (4, 1) = (p — |S(w))mo + |S (1) 71,
mi? (6, 1) = (p — 1S(1))ap + S (1) [bp + 1 (cp — by)].
(q)

Remark. Lemma B.3 allows us to characterize the quantities m(? and my?.
First, by (a)-(b), ap ~ 7 and b, ~ ¢, ~ ;. Combining them with (c) gives
that miq) ~ m@ . Second, we look at m(?. By Lemma D.1 and Mills’ ratio
[6], 70 ~ ®(\/2qlog(p)) = L,p~9. Similarly, 71 ~ Lpp_[(\/;_\/a)”? Plugging
them into (c) gives

m@ ~ Lp' ™ + pe, - Lpp—[(ﬁ—ﬁ)+}2_
This is the equation (2.1) in the main text of [5].

B.2. Proof of Lemma 2.1. Fix ¢ > 0 and write Hy = Z@(Z@Y

and S = S’(Sif ) for short. Fix a realization (¢, ). With probability at least
1-0(p~),

(B.5) 18] = m(@] < \/6m@ log(p).

First, we consider ¢ > ¢(8,0,r), so that m(® < np=9 for some § > 0. Let
k= [m@ + \/6m@ log(p)]. Under (B.5),

Amax(Ho) < Amax (22T,
wlH0) < 0 P e e 20

(Hp) > min M (Zz2))TT,

At .
T {1, ph|TI<E T

min

where for a matrix A, Al (A) denotes the minimum non-zero eigenvalue
and ATT is the submatrix restricted to rows and columns in 7. For each
fixed T, we can write (Z2'Z2)0T = Zp(Zr)', where Zr = (2,7 € T) is an
n x |T| matrix with 4id entries of N(0,1). Using Lemma B.2, for each T,
with probability at least 1 —O(p~(¥*3)), all non-zero eigenvalues of (ZZ')T"T

fall into
(Va4 VITT + V/6k10g(0), (Vi = V/IT] = V/6kTog(p)) ] = n % C\/nklog(p).

Note that the number of subsets T such that |T'| < k is no more than p*.
Combining the above results, we find that with probability at least 1 —
O(p~3), all non-zero eigenvalues of Hy fall into

(B.6) n 4 Cy/nm(@ log(p).

The claim then follows.
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Next, we consider ¢ < ¢(8,0,r), so that m(® > np? for some § > 0. Write
for short

wp = Vnm(@ 4 o(1)[S ()},

where 7 is as in Lemma B.3 and mgq) = |S(p)|m by definition. It suffices
to show that with probability at least 1 — O(p~3),

(B.7) |Ho — m\P1,|| < Cu,.

We now show (B.7). Fix a > 0. A subset M, of the unit sphere S"~1 is
called an a-net if for any v € S"~1, there exits u € M, such that |lu—v| < a.

The following lemma states some well-known results and its proof can be
found in [7, Page 8].

Lemma B.4 Fiz a € (0,1/2). For any M, an a-net of S*, and any
symmetric matriv A € R™", [|A]| < (1—2a) 7 sup,eaq, {|u/Au|}. Moreover,
there exists an a-net M}, of S*™! such that |MZ%| < (1 +2/a)™.

By Lemma B.4 with o = 1/4 , there exists a subset M*, such that |[M*| < 9"
and sup,eca- V'Av > ||A||/2 for any n x n matrix A. Therefore, to show
the claim, it suffices to show that for each fixed v € M*, with probability
>1-0(97"p?),

(B.8) |v'(Ho — m&q)In)v| < Cwy,.
We now show (B.8). Fix v and define

W; = (fu’z](-q))2 —ap, for j ¢ S(p); W; = (v’zj(g))2 — by, for j e S(p),

where a, and b, are defined in Section B.1. By (c) of Lemma B.3, ml? =

(=15 G1) )ty + S ()b 17" (¢ — b)|S(w)]. Since |¢, —by| = o), we can
rewrite

p
(B.9) o (Hy = mL)o = 37 W; + o(n ™S () m).
j=1

Here W;’s are independent of each other. Applying Lemma B.3, we get the
following results. For j ¢ S(u), E(W;) = 0, var(W;) < 3m(1 4 o(1)) and
E([W;|™) < kammo(1 4+ 0(1)). For j € S(u), |[E(W;)| < |bp — ¢p| = m1 - 0(1),
var(W;) < 3w (14 0o(1)) and E(|W;|™) < kamm1(1 4+ 0(1)). So we have

/4

1> EW;)| = o(1)|S(p)|m, > var(W;) < 3ml9).
j=1 j=1
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We apply Lemma B.1 with A = 1/9p=1m(@ (nlog(9) + 2log(p) + log(2)). To
check the moment conditions, we note that £am = Ey . n(o,1)(|Y]*™) < 2™m!
for all m > 1. Furthermore, since m(@/n — oo, we have > var(W;)/p ~
3mD /p > A//p- It follows that with probability > 1 — O(97"p~3),

P
1> Wil S 3v/10g(9) Vnm(@ + o(1)|S () 1.
j=1

This gives (B.8), and the proof is now complete. O

B.3. Proof of Lemma 2.2. We have shown the first claim in (B.7),

noting that w, ~ Vnm(® when r < pj(8) (see also (B.15)).
We now show the second claim. Write for short Hy = Z(9(Z9)'. The key
is the following lemma, which is proved in Section D.

Lemma B.5 Under conditions of Lemma 2.2, as p — oo, conditioning on
any realization of (¢, ) on the event Dy, with probability at least 1 —O(n™2),

[~ te(Ho) — mi?| < Cy/m(@ log(p),

| Ho||% > n~ tr(Ho)]? + Cn’m'®.

Let k be the largest integer that is no larger than m(% /2. Since k > n,
for each fixed k x k submatrix of ZZ’, its rank is n with probability 1.
Using (B.5), the rank of Hy is n with probability at least 1 — O(p~3). Let
A1 > A9 > -+ > A, > 0 be the eigenvalues of Hy and write A=n"t 2?21 Ni.
For 6, = Vnm(9, (B.7) and Lemma B.5 imply

(B.10) [\ —Anl < A8, A=ml? o), YA >nd?+ A2,
i=1
for some constants A1, As > 0. On one hand,
D (A= A)? = Agndy.
i=1
(_)n the other hand, \; — A < )\ - X for i satisfying A\; > A; moreover,
A — A < A6, for @ such that \; < A. It follows that
ST =T <=0 > =N+ A, > (- )
i=1 XA itA <A
=M =N+ A5 > (-
N>

S n[(/\1 — )\) + A1(Sp]()\1 — )\)



Now, if we write 7 = Ay — A, then x(z + A15,) > A25§. It follows that

/ A2 _
(B.11) Moas VAT iAQ Alép

Combining it with the second equation in (B.10), we obtain that A\; >

mfkq) + CvVnm(a). O

B.4. Proof of Lemma 2.3. Write for short A = £(Z@ (9) (29 (@),
Since
1Al < 2011l 2P u V)| < 20|29 pD o,

it suffices to show that with probability 1 — O(p~3),

(B.12) 1Z2DuD||o < Crir/m{?.

Note that

(B13) 170 loe = x| 32 w501 =7 max] 32 ="
JES(1) JES(K)

Fix i and write V; = z( )( ) for short. Then V;’s are independent and E(V}) =

0 by symmetry. We apply Lemma B.3 Wlth v = e and find that var(V;) <
by + 2|cp, — by| = m1(1 4+ 0(1)). By Lemma B.1 (the moment conditions can
be verified using Lemma B.3), | 3-.cq(,) V;l < 24/[S(p)|m1 with probability
1 — O(p™*). It follows that with probability 1 — O(p~3),

(B.14) max | Z (Q) (i) < CV|S(p)|m =C m1

Combining (B.13)-(B.14) gives (B.12). O

B.5. Proof of Lemma 2.4. Introduce

A(q, B,7,0)
{ o pmnlefoa) g<r,
B+ (Va—r)?—smin{g, -5+ (yVa—vr)?} ¢>r

By elementary algebra,

r < py(B) = rrggAT(q,ﬁ,r,e) >1/2,
q
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Moreover, using Mills’ ratio,

n(7;)?|S(p)|m 12— At
. /S — L.pt/2=ANaBr0)
n{ R NI S

It follows that for some & > 0,

(B15)  r<pp(f) <= [S(wlm <p’ max{Vm@),/n}.

Consider the first claim. The proof is similar to that of (B.8), except that

we take A = C'y/p~tm(? log(p) when applying Lemma B.1. It follows that
for any v € 8”1, with probability at least 1 — O(p~3),

o' (Ho — m\”I,,)v] < C\/m(@ log(p) + o|S(1)|m1).

By (B.15), the second term above is negligible and the claim follows.
Consider the second claim. H — Hy = ||pu(?||2¢¢' + A, where with proba-

bility at least 1 — O(p~™3), ||A] < Cm';\/mgln by Lemma 2.3. Furthermore,

by elementary statistics, ||u(9|? < Cmgq) (7';)2. Note that mgq) = |S(u)|m
due to the spherical symmetry of N(0, I,,). Together, we see that

1H — Hol| < Ly(v/n|S(p)lmy +n*/* /1S (u)[m).

If ¢ > G(B,r,6), then m@ = o(n) and (B.15) implies |H — Hy| < p~on. If
q < §(B,7,0), then n = o(m'?) and (B.15) implies ||H — Hol|| < p~0Vnm(@.
U

APPENDIX C: PROOF OF LEMMAS IN SECTION 3

In this section, we prove Lemmas 3.1-3.3.

C.1. Proof of Lemma 3.1. We first show the claim for B = I, and
then generalize it to any B satisfying max{||B|,[|B~!||} < L,.

Fix B = I,,. We use > 0 to denote a generic constant which only depends
on («, 3,0) but may change from occurrence to occurrence. In our model,
X =4y +Z. Let Hy=ZZ' — pl,. Tt is seen
(C.16)

XX'—pl, = (||ul|?00 +0p' Z'+ Zpl' |+ Z Z'—pl,, = [||p||> 00+ Z'+ Z 11|+ Hy.

Since € is a left singular vector of X, A& = [||u]|?(&,€) + (&, Zu) e+ (&, 0) Zp+
Hy&. Rearranging it, we have

(C.17) Vg = (In — (1/X)Ho) 7 [brl + b2 Z (/| 1)),
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where by = b1(¢, Z, p1) = (1/A)-[v/nllul* (€, €)+v/n(€, Zp)) and by = by(€, Z, ) =
(1/X)v/n||pl| (&, €). Therefore, min{||v/n& — £||oo, ||v/1€ + £||so } is no greater
than

(C.18)
min{|by =1, [b1+1[}4-{b1 10— (Lo —(1/A) Ho) ™ el oo t-{b2 | (2o —(1/A) Ho) ™ Z (/|| )] -

To show the claim, it is sufficient to show that with probability at least
1- O(p_3),

(C.19) min{|by — 1), (b1 + 1]} <p~°,  |bo| <p~°,
and
(C.20)
_ _ 1.
1= (1 —=(1/X) Ho) " ]loo < p°, (5= Ho) " Z(1/ 1) oo < C/log(p).

We now show (C.19). Consider the first item. Since Z and p are in-
dependent, we have that with probability at least 1 — o(p~3), (£, Zu)| <
el - 11 Z (/|| )] < 2||pell/n. Combining this with the triangle inequality,

min{bl —1,b1 + 1}
<(nflul?/N)leos(l,€) — 1| + 1 = (nllu]?/N)]| + (Vr/N)(E Zp)]
<(nf|ull?/N)lcos(¢,€) — 1] + [1 = (nllp]*/N)] + 2nl|ul| /2.

At the same time, we rewrite (C.16) as

(C.21)

(C.22) XX'—pl, = A+ Hy, where A = ||u||>00' + ¢u'Z' + Zput' for short.

Note that A is a symmetric matrix of rank 2. For short, write v = ||u|| =2
and a = a(l, pu, Z) = (14+4n~ 1[0’ Zv+ || Zv|]?])"/2. Let A+ be the two nonzero
eigenvalues of A, and let 4 be the corresponding eigenvectors. By elemen-
tary algebra,

(C.23) Ax(A) = nl|lpl?[(1/2)A+a)+n" W Zv],  ni x (1/2)(1a)l+Zv.

By elementary statistics, it is seen that with probability at least 1 — o(p~3)
that n=1[|¢'Zv| + || Zv||*] does not exceed
(C.24)

CVlog(p)n ™ [(Vallpll =) + nllul =2 = CVlog(p)[(Vallul) ™ + [l ~2).

Note that for («, 3, 6) in our range of interest, p6p7p2 > \/p/n=p1=9/2 By
the way u is generated, ||u||* ~ peprg. Therefore, with probability at least
1- 0(p_3)7

(C.25) |pl|? ~ pepm2 > p°\/p/n, n|lull* ~ npe,Tt > p/pm.
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Inserting (C.25) into (C.24) gives that with probability at least 1 — o(p™3),
la — 1| < Cp~°. Combining this with (C.23),
(C.26)

((llpl?/2e) =1 <p™° (A=A <p70 eos(bmy) =1 <p~°.

At the same time, by a direct use of the elementary Random Matrix Theory
(7], | Hol|| = 122" —pI,|| < C,/pn. Combining these with (C.25)-(C.26) gives

(C.27) 1(1/A0) Holl < Cy/pr/ (n]|u]]?) < Cp~°.

This says that in (C.22), the leading eigenvalue of A is larger than that of Hy
by p° times. By matrix perturbation theory, we have that with probability
at least 1 — o(p™3),

(C28) ’)Ur/)\ - 1| < p—(57 |COS("7+7£) - 1| < p_(s'
Combining (C.26) and (C.28) gives
(C.29) ((allpl®/2) =1 <p~°,  Jeos(£,€) =1 <p~°.

In particular, combining (C.25), (C.27), and (C.28) gives that with proba-
bility at least 1 — o(p™3),

(C.30) I(1/NHo| < Cp~°, /A <p™.

Inserting (C.29) into (C.21) gives the first item of (C.19).
Consider the second item of (C.19). Note that |ba| < (n|/u]|/N), where by
(C.29), the right hand side < ||u||~!. The claim follows directly from (C.25).
We now show (C.20). Since the proofs are similar, we only show the first
item. Let e; be the first base vector of R". Note that by symmetry and by
using the union bound, it is sufficient to show that with probability at least
L—o(p~),
(C.31)

1 1

’e/l(ln — XHO)_lel — 1‘ <p°, e} (I, — XHO)_l(E —lie1)| < C/log(p).
The first claim follows easily by ~(C.?)O) and basic algebra. For the second
claim, write £ = (¢1,¢)’, and let Z be the (n — 1) x p matrix consisting all

but the first row of Z, and let Hy = ZZ' — pI,,_1. It follows that

_ (1= -, -(1/NZiZ
I = (1/A)Ho = < _(1/)\)221, 1 Iy — (11/)‘)ﬁo ) 7
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and
(C.32)

e’l(In—iHo)_l(ﬁ—flel) = (e} [In—(1/N) Ho] te1)-(1/N)Z, Z'[T,,_1—(1/\)Ho) 4.

Now, since rows of Z are independent, Z; and Z[I,,_1 — (1/X)Hy) ¢ are two
vectors that almost independent of each other; the only issue is that Z; is
correlated with A. To overcome the difficulty, we write
(C.33)

212" Iy — (1N Ho] 7Y leH’% ||Zﬁgz7|| Z\ZHE

k=0
Now, for each k, Z; and Zﬁgé are independent, and so
Z3(Z' Hg /| Z' H€)) ~ N(0,1).

For k-th term, with probability 1—o(p~**+1), thereis |Z|(Z'HEL/||Z' HEL))| <
V/8(k + 1) log(p). Additionally, by basics in RMT [7], with probability at
least 1—o(p~ ) |1ZHE| < /p(C\/np)* for all k.

(/N HUZHF < v/ (n = D(A/NM ZHg|| < (Cyap/A)* .

Combining these with (C.33) and the second term of (C.30), it is seen that
with probability at least 1 — o(p™),

(1/NZ3 2" (11 — (1/\) Ho] 1| < p~°

Inserting this into (C.32) and using the first item of (C.31), the second item
of (C.31) follows.

For a general B, the proof is similar by noting that ||ZB|| < L,||Z|| and
the following lemma, which is proved below.

Lemma C.1 As n,p — oo and p/n — oo, for an n X p random ma-

triv Z where Z(i,7) “ N(0,1) and any non-random matrizc B € RPP

such that max{||B||,||B~!||} < L,, with probability 1 — O(p*), ||ZBB'Z' —
tr(BB')1,| < Cy/np.

C.2. Proof of Lemma 3.2. Letting ® be the CDF of N(0,1), denote
the mean and variance of |z; + h| by u(h) and o2(h), respectively. It is seen
that

(C.34) u(h) = /2/me "2+ h[1 —28(—h)],  o2(h) = 1+ h% — p2(h).
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By Jensen’s inequality, E|z; + h| > |E(z; + h)| = h. It follows that
(C.35) u(h) >h,  o2(h) <1,

At the same time, we claim that as n — oo, for any 0 < x < y/n/log(n),

n .’E2
(€.36)  P(I>_(Izi + bl —u(h))| = Vnz) < 2exp(—(1+ o) 3a,y)

i=1

where o(1) — 0 as n — oo, uniformly for all A > 0 and 0 < x < \/n/log(n).
Combining (C.35) and (C.36) gives Lemma 3.2.

We now show (C.36). Write for short Y; = |z; + h|. It is sufficient to show
that

n 2

(C.37) P(E:YZ > nu(h) + v/nz) < exp(—(1+ 0(1))2;2(}@))’
i=1

and

(C.38) P(ZYZ < nu(h) — v/nz) < exp(—(1+ 0(1))202(h)).
i=1

Since the proofs are similar, we only show (C.37). By elementary calcula-
tions, the moment generating function of Y; is

(C.39) My (s) = E[eY] = ¢ 2[e"®(s + h) + e "®(s — h)],

By Cramer-Chernoff Theorem ([2]), for any s > 0 and any v,
(C.40) P(ZYi > ny) < ¢ MusTlog My ()
i=1

We now show this (C.37) for the cases of h < 2log(y/n/z) and h > 2log(y/n/x)
separately.
Consider the case where h < 2log(y/n/z). We wish to use (C.40) with

s = a%h)xn’ y=u(h) +x/v/n.

By our assumptions of h < 2log(y/n/x) and 0 < z < y/n/log(n),

s=0(/vm) =o(1),  hs < 2log(vn/z)(x/vi) = o(L).
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Now, on one hand, since ylog3(1/y) — 0 as y — 0+, h3s = o(1) and
h3s3 = o(s%). Combining this with elementary Taylor expansion,

2
(C.41) eths — 14 hs 4 (h;) +o(s?).

On the other hand, applying Taylor expansion to ®(s + h) and noting that
¢ is a symmetric function,

(C.42) (s + h) = &(£h) + ¢(h)s — ho(h)s* + o(s?).

where we have used that the third derivative of ® is a bounded function.
Combining (C.41)-(C.42) and re-arranging,

(C.43) e ®(s +h) + e D(s — h)
=1+ 2s¢(h) + hs[®(h) — ®(—h)] + h®s?/2 + o(s?)
(C.44) =1+ u(h)s + h?s%/2 + o(s?),

where in the first step, we have used ®(h) + ®(—h) = 1, and in the second
step, we have used the expression of u(h) given in (C.34).

We now analyze log[e"*®(s + h) + e "*®(s — h)]. Write for short w =
M ®(s + h) + e "d(s — h) — 1. By (C.44) and |u(h)| < h+ 1 from (C.34),
|w| < Cmax{(h+ 1)s,h%s?}, and so

|log(1 + w) — w + w?/2| < Clw|* < Cmax{(h+ 1)>s®, h%s°},

where by similar argument as above, max{(h + 1)3s3, h®s5} = o(s?). Com-
bining this with (C.44),
log[e"*® (s + h) + e "*®(s — h)]

=log(1l + w)

=w —w?/2 4 o(s?)

=u(h)s + h*s* /2 — [u(h)s + h?s* [2)* /2 + o(s”)

=u(h)s + (h* — u(h)*)s*/2 = [u(h)h®s® + h's"/4]/2 + o(s?),
where we note |u(h)h%s® + h*s*/4| < C(h 4+ 1)h%s3 + h*s*/4 = o(s?). As a
result,

log[e"®(s + h) + e " ®(s — h)] = u(h)s + (h? — u(h)?)s?/2 + o(s?).

Combining this with (C.39) and the expression of o(h) given in (C.34) and
rearranging it,
2 2

ys—log[My (s)] = (y—U(h))S—(1+h2—U(h)2)%+0(52) = (y—U(h))S—UZ(h)ngO(SQ)-
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Now, invoking s = U%(h)x/\/ﬁ and y = u(h) + z/\/n gives
s =10 [My (9] = 5 o/ VA (1+ o(1),

Combining this with (C.40) gives the claim.
We now consider the case of h > 2log(y/n/z). We wish to use (C.40)
again, with the same y but a different s: s = x/y/n. In the current case,

since x < v/n/log(n),
h — o0, s — 0.

By the assumptions of h > 2log(y/n/z) and s = z/y/n, and

¢(h/2) < Cexp(—(log(v/n/x))?/2) = o(s?),

it follows that max{®(—s — h),®(s — h)} < &(—h/2) = o(1)p(h/2), where
the right hand side is o(s?). As a result,

(C.45)

D (s+h)+e B (s—h) = " [1-B(—s—h)+e 2 D(s—h)] = "*[1+0(s%)],

and so
log[e"®(s + h) + e "®(s — h)] = hs + o(s?).
Combining this with (C.39) and (C.47) and invoking s = z/y/n and y =
u(h) +x/\/n,
ys — log My (s) = (u(h) + x/v/n — h)s — 52 /2 + o(s?)

= 52/2+ o(s?)
(C.46) = 5%/(20%(h)) + o(s?),
where in the last two steps, we have used

(C.47)
h—u(h) = 2h®(—h) —2¢(h) = o(s), o?(h) = 1+h* —u(h)? =1+ o(s).

Inserting (C.46) into (C.40) gives the claim. O

C.3. Proof of Lemma 3.3. Denote by ® the CDF of N(0,1). By direct
calculations,

w(h) = v/2/me "/ 4 b1 — 20(—h)).
This implies u(h) — /2/m when h — 0 and u(h)/h — 1 when h — oc.
Furthermore,

W' (h) = —2hp(h) + [1 — 20(—h)] + 2hé(—h) = 1 — 2B(—h),
u"(h) = 2¢(—h) > 0.
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So u(h) is strictly convex and monotony increasing for h € (0, c0).
Let hg be the unique solution of u/(h) = 0.9. Fix (hy, ha) such that hy >
hy > 0. If Ay > hg, by convexity,

u(hz) - u(hl) Z u/(hl)(hg — hl) Z 0.9(h2 — hl)

If hy < hy, using the Taylor expansion, for some h € [h1, ha],
1 ~ 1
u(hg) —u(hy) = u'(hy)(hg — h1) + 5u”(h)(h2 —h)? > 5u”(ho)(h2 —h)%

If hy < ho < hg, then we decompose the difference into u(he) — u(hg) +
u(hg) — u(hy) and combine with the two cases we just dicussed, then we
have that

u(hg) — u(hl) > 09(h2 — ho) + Cl(h() — h1)2.

When hy — hg > ho — hi, then we have u(ha) — u(h1) > 0.45(he — ho) +
0.45(ho — h1) = 0.45(hg — hy); otherwise, there is u(ha) — u(h1) > G[(ha —
ho)? + (ho — h1)?] > C(hg — h1)?. Combining the three cases gives the claim.

g

APPENDIX D: PROOF OF SECONDARY LEMMAS
In this section, we show the proof of Lemmas B.3, B.5 and C.1.

D.1. Proof of Lemma B.3. The following lemma is useful, which is
proved below.

Lemma D.1 For any fixed ¢ > 0,

w0 = &(\/2qlog(p)) (1 + Lyn~'/?),
@) _ { L — Lyp™(V/7Va7, r>aq,
1 (ID((\[ — /) 210g(p)) (1 + Lpn_1/4), r<gq.

First, we prove (a). Write for short z; = z and 2(9) = z](-q). Since the

distribution of z(@ is spherically symmetric, v'2(9) has the same distribution
as €; 2\, for any v € "1, Tt follows that E[(v'2(9)?] = E[(2(9(1))?] = a,.
Furthermore, E(||2(9?) = nE[(2\9(1))?] = na,.

Consider E(|]v/z(®|™). Again, by spherical symmetry,

B(20") = E(29 (") = E(|()" 120+ 2]2 > n+2y/qnlog (),
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where Z = (2(2),---,2(n))". Note that Z is independent of z(1) and ||Z||? ~
x2_1. Let By be the event that |2(1)] < 1/26; log(p), for some §1 to deter-
mine. From basic properties of the N(0,1) distribution, P(B§) = L,p~%
and E(|z(1)|™ps) = Lyp~®. Tt follows that

(/=9 m) < B(|5(D)I™1{22(1) + |2 > n+ 2/anlog(p), B1}) + Lyp™
< E(|z(1)|m1{|| H2 >n+ 2\/qnlog — 2\/61 log }) + Lpp_‘;1
= E(|z(1)|™) - P(|Z]|*> > n +2 qnlog 14 0(1))) + Lyp~°
= E(|z(1)|™)mo(1 + o(1)) + Lyp~°

By choosing d; appropriately large, we find that the first term dominates.
Consider E(||2(?]|?>™). Denote by f, the density of x2, where f,(y) =

n/2—1 m 2MT (m~+n/2
m Note that y™ f,,(y) = %ﬁwgm( ). It follows that

B(I0 1) = T P (3R > et 2v/amTog()

First, by letting ¢ = 0 on both hand sides we have kom(n) = E(||z]]*™) =

2m?((72727;/2) Second, since n+24/gnlog(p) = n.+2+/qn. log(p 1+L n 1/2

for n, = n 4+ 2m, Lemma D.1 implies that PO om >n+ 2\/qn log(p)) =

mo(1 + o(1)). Together, the above right hand side is ko, (n)mo(1 + 0(1)).
Consider a,. Similarly to the above, for n, =n + 2,

ap - n_1E<HZ H ) WP(XZ+2 > Ny + QW(l + Lpn—1/2))
= P(X%—i—Z > Ny + QW(l + Lpn—l/Q))

=mo(1+ Lpn71/2).

Second, we prove (b). We first state an approximation of ;. From basic
properties of chi-square distributions, for all ¢, > 0,

P(xx(0) > n+2v/qnlog(p)) = ®(+/2qlog(p)) (1 + Lyn ™),
P(x2(2rlog(p)) > n—i—QW ( Va4 —T) 210g(p))(1 +Lpn*1/4).
Therefore, we find that

71 = P(x2(2rlog(p)) > n 4 2/qnlog(p
(D.48) = P(xn(0) > 2(y/g — V/7) nlog(p)) : (1 +o(1)).
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Consider E[(U/Z§Q))2]. Fix v and introduce

we =/l we= (1= @O/ 2o = 0/ [1¢)7):

Both w; and wy are unit vectors and wjws = 0. Let @ be any orthogonal
matrix whose first two columns are w; and ws. By direct calculations, Qv =

(20, /T 23,0,---,0) and Q"¢ = (v/,0,---,0), where 2o = (v/¢)/]]¢].

Since @'z and = have the same distribution,
v’zj(-q) =0'QQ"z - 1{||Q"z + u(j)Q'C||* > n + 21/qnlog(p)}]
D vQz - 1{|lz + n(H QU > n +2\/qnlog(p)}]
(D.49) = [zo2(1) + (1 — 2})'/22(2)] - 1{||z + VnT}er]| > n}.
It follows that
E[(v'2\")?] = E[(zoz(1) + (1 — 23)/22(2))21{|lz + Vrie|* > n + 2¢/qnlog(p)}]
= (1 - 23)E[(2(2)*1{]l2 + Vnryer]|* > n + 2¢/qnlog(p)}]
+ a2 B[(2(1)21{|z + Varrell* > n + 2¢/qnlog(p)}]
= by + (cp — bp) (WO /€%,

where the second equality comes from the symmetry on z(2) (so the cross
term disappears).

Consider b, and c,. Let 2 = (2(2),- -+, 2(n))’, where ||Z[|? ~ x2_; and it
is independent of z(1). We write
¢p = E[(z(1))*H{||Z]> > n+2V/qnlog(p) —g(z(1))}], g(x) = (z+VaT,).

For a constant do > 0 to be determined, let By be the event that |z(1)| <

/265 log(p). From basic properties of normal distributions, P(BS) = L,p~%

and E[z*(1)Ipg] = Lyp~%. Over the event Bs, we have g(z(1)) = [2(1) —

(24/nrlog(p)) /)% = 2¢/rnlog(p)(1 4+ Lyn~'/4). Tt follows that

& < E[(2(1))? - P(By 1 {312 > n+ 2v/gnTog(s) — g(z(1))}=(1)] + Lyp™
< E[(2(1)*] - P(xp-1 > n+2(va — vr)v/nlog(p) (1 + Lyn~ ")) + Lyp~*
=m(l+ Lpn_1/4),

where the last inequality comes from (D.48) and that dy is chosen appropri-
ately large. To compute b,, we write

by = E[(2(2))*1{|12[* > n +2V/qnlog(p) — g(2(1))}]
= (n = D)7'B[IZPL{ZI* > n+2v/qnlog(p) — g(2(1))}].
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Let By be the same event. Let ¢, = [(,/g — v/7)+]?. We have

by = (n =)' EZP1{||Z]* > n + 2¢/genlog(p) (1 + Lyn~ ")} + Lyp~*
= (n =) TE(IZ9)) (1 + Lyn VY = m(1+ Lyn~ Y,
where in the last equality, we have applied the result in (a) with ¢ = g..
Consider E(|v'2(@ ™). Let @ = (2(3),--- ,2(n))’. Then ||&|? ~ x2_, and
it is independent of (z(1), 2(2)). By (D.49),
(|29 [™) = B(|ao2(1) + (1 — 2)/22(2)|"
1{|@]* > n+2+/qnlog(p) — g(2(1)) — (2(2))*})-
Let Bs be the event that max{|z(1)|,|2(2)|} < 1/2d3log(p). Then P(BS) =

Lyp~® and over Bs, g(2(1)) + (2(2))* = 2¢/rnlog(p)(1 + o(1)). Applying
similar arguments as above, we find that

E('2 ™) < B(lzoz(1)+ (1—2)"*2(2)") - m(1+0(1)) = ki (1+0(1)).

Here the last inequality is because zoz(1) + (1 — x0)'/?2(2) ~ N(0,1). The
claim then follows.
Consider E(||2(9]]?) and E(||2(?|>™). Using @ defined above (for an ar-

bitrary v)

E(|91%) = E(IIQ"2I1{|Q"z + 75 Q"t]|* > n + 2/qnlog(p)})
E(Hszl{Hz + \/57561]\2 >n+ 2\/qnlog(p)})

E((z 1))21{Hz + \/57561]\2 >n+ 2\/qnlog(p)})
+(n = DE((2(2))*1{]|2 + Vnreil” > n +2y/qnlog(p)})

=cp+ (n—1)bp.

Recall that z = (2(2),- -+ ,2(n)), ¢« = [(/G—/7)+]? and g(z) = (z++/n7))?
for any = € R. Note that (z + y)™ § 2" (|z|™ 4+ |y|™) for any x,y € R. We
have

E(Z291P™) = E(|=P"1{|lz + Varyel|* > n+ 2\/qn10g )})

2" B((2(1))""1{||Z]]* > n +2V/qnlog(p) — g(2(1))})
+2mE(Hz||2ml{\|z||2 > n + 2v/qnlog(p) — g(2(1))})
2" komm1 (1 + o(1)) + 2m]-“7(||Z(q*)||2m)(1 +o(1))
(D.50) = 2"(Kom + Kam(n — 1)) - (1 + o(1)).

IN
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Here, we have applied the result in (a) for E(||2(9||*™) with ¢ = ..
Last, we prove (c). Using the spherical symmetry of 2@ and the Q defined

d
above, we have already seen that ||z 4 7, /|| @ |z ++/n7 e and

* d *
z~1{”z—f—7'p€|| > n+24/qnlog(p)} @ z-l{\|z+ﬁ7pel|| > n+24/qnlog(p)}.

Then the claims follow from the definitions and (a)-(b). O

D.2. Proof of Lemma B.5. Let 7(j) = m for j ¢ S(p) and 7(j) = m
for j € S(u), where g, 1 are defined in Section B.1. Then Z;’:l 7(j) = m@
by (c) of Lemma B.3.

First, consider tr(Hy). Write M; = 7”L_1[||Z](-q)|\2 - E(||zj(.q)||2)]. By defini-
tion,

(D.51) n"'tr(Hy) — => M.
7=1

By Lemma B.3, E(|l2f”[?) < nn(j) and E(|=f” ) < 2" ko (n)m(j) <
C4™7r(5)n™, where kg, (n) is the m-th moment of the x?2 distribution and
we have used ko, (n) < C2™n™. Noting that (a + b)"™ < 2™(a™ 4 ™) for
any real values a and b, by direct calculations,

E(M;) =0,  var(M;) <Cn(j),  E(|M;|™) <C8™.
By Lemma B.1 (Bernstein inequality), with probability at least 1 — O(p_3),
p
(D.52) ]ZM]] < Cy/m@ log(p).
j=1

Combining (D.51)-(D.52) gives the first claim.
Second, consider ||Hyl||%. By direct calculations,

p
(D.53) | HollZ —n 'r(Ho) 2= Y [(9) 271 = (ST |14 )2)?
j=1

1<5,k<p
- Z|rzq>||4+2 N (CUEUEELREL
1<j<k<p
- D+ (H).

We now study (I). Write U; = n 1Hz(q |4 for short. By Lemma B.3, E(U;) =
n~tka(n)mo(140(1)) and var(U;) < Cn’mg for j ¢ S(u); moreover, var(U;) <
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Cn’my for j € S(u). We also claim that E(U;) > n~tra(n — 1)m (1 + o(1))

for j € S(u). The proof is similar to that for (D.50), but in the second line

of (D.50), we instead use the inequality ||z[|?™ > ||Z||*™. Note that r4(n) is

the second moment of x2 and so r4(n) = n? + 2n. It follows that

p P
EU;) 2 nm®, Zvar(Uj) < Cn?*m!9,

7j=1

Using Lemma B.1, with probability at least 1 —O(p~3), Z§:1 U; 2 nm(9 —
Cny/m@ log(p) = Cnm 9. Since (I) = (n — 1) > U,

(D.54) (I) > C1n*m(, for some constant C7 > 0.

We then study (I1). Let Vi = [(2\7) 282 — L|[2{||[ 2|2, Introduce

Wi(v) = W27 —n A2, for any v e S™7L

Let vj = z;/||#;|. Then v; is independent of ||z](.Q)|| and Vji, = ||z](-q)\|2Wk(vj).
By Lemma B.3, for any fixed v € 87!,

E[W;(v)] =0, E[(W;(v))*] < Cmo, J & S(w),
E[W;(v)] = (¢p = bp)[(v'0)* = n~1], E[(W;(v))’] < Cmi, j € S(p),

where £ = £/||¢||. As a result, if either j ¢ S(u) or k ¢ S(y), then E(Vi,) =0;
if both j,k € S(u), then E(Vix) = (cp — by) B{| =7 |2[(v}0)? = n~']} =
(cp = bp) EIW; ()] = (1 — n~Y)(cp — byp)? > 0. Tt follows that

(D.55) E[(II)] > 0.

To compute var((I1)), we calculate E(V;,Vj) for all (4,k, j', k") such that
j # k and j° # K. Since Vj, = Vj;, we assume j # k' and j' # k with-
out loss of generality. We have the following observations: (1) E(Vj) <
(¢cp — bp)? if both j,k € S(u) and E(Vjy) = 0 otherwise. (2) E(V3) =
E(||z](.q)||2)E[W,3(Uj)] < Cn2m(j)n(k) for any j # k. (3) When j # j' and
k 7'é k'/, ij is independent of V}'/k/, SO E(ij‘/j’k’) = E(V} )E(Vj,k/) (4)
When j = j and k # K, E(VeVir) = E[ll2\”|*Wi(0;) Wi (v;)]; as a re-
sult, E(VjiVjr) = 0 when either k ¢ S(u) or &' ¢ S(n); if k, k' € S(u),
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E(VikVirr) = (e — by E[(W;(D))?] < Cle — by)*m(j). Therefore,

Y EWVaVir)< > Cn’r(j)w(k)+ > C(cp — by)?7(4)

(5,3" K K"): (4:k): 37k (5.k,K"):5¢{k K"}
JFk,g #K {k,k'YCS (1), k#k'

4
+ . (cp — bp)
(5,7 .k ):{5,3 e,k Y CS ()
7,5' kK" are different

< Cn*(m)? + C(ep — by)*m VS (1)|* + Clep — bp)*S () [*
< On?(mD)? 4+ m D (|S(u)|m1)? - o(1) + C(IS()lm1)* - o(1),

where the last inequality is due to that ¢, — b, = o(m1). Using (B.15), when
r < pp(B) (“impossibility”) and ¢ < G(8,0,7) (“fat” case), (|S(u)|m1)? =
o(m'?) and so the first term in the above dominates the other two. It implies

(D.56) var((11)) < Cyn?(m\9)2, for some constant Cy > 0.

We combine (D.55)-(D.56) and apply the Markov inequality. It follows that
with probability at least 1 — 4n=2Co/C?,

(D.57) (IT) > —Cin*m'D /2.
The second claim follows by plugging (D.54) and (D.57) into (D.53). O

D.3. Proof of Lemma C.1. The proof is similar to that of Lemma 2.1.
By Lemma B.4, there exists an (1/4)-net of S"~!, denoted as Mi,y, such

that | M7 /4| < 9™ and SUPyes v'Av > 2||A|| for any n x n matrix A.
Therefore, to show the claim, it sufﬁces to show that for each fixed v € M /a0
with probability > 1 — O(97"p~2),

(D.58) |v'(ZBB'Z' — tr(BB')I,)v| < C\/np.

Denote the eigenvalue decomposition of BB’ by V/AV| where A is diag-
onal matrix with diagonals Ay > A9 > --- > A,,. Fix v, we can write

nd

p
VZBB'Z'v =/ ZVIAVZ'v =Y Nirg?, ;0 N(0,1).

i=1
The last equation comes from VZ'v ~ N(0, I,,). So we have E[v'ZBB'Z'v] =
tr(BB') for any fixed v with ||v|| = 1. Let W; = \in?/A1 — Ai/ A1, then W;’s
are independent of each other, E(W;) = 0, var(W;) < 2 and E(|W;|™) <
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Kom. We apply Lemma B.1 with A = 2y/nlog(9) + 2log(p). To check the
moment conditions, we note that ko, = EZNN(O,l)(‘Z|2m) < 2™m! for all
m > 1. It follows that with probability > 1 — O(9 "p~?),

p
MDD Wyl < 2¢/nplog(9) + 2plog(p) M < Cy/np.
j=1

The last inequality is because A\; = || B||?> < L. This proves (D.58). O

D.4. Proof of Lemma D.1. We start from computing my. Using the
density of the x?2 distribution,

/oo mn/Q—le—m/2dx B 1 (I)
n+24/qnlog(p) 2n/2r(n/2) 2”/2I‘(n/2)

Now, we calculate the integral (I'). Write for short

t = +/2qlog(p) and o = n + V2nt.

With a variable change x = n + v/2ny, we have

(1) = VEray* el [0k VB a2t Py
0
=V ang/Qle_mo/Q/ exp {(n/Q —1)log(1 + v2ny/xo) — \/2ny/2}dy
0
(D.59)

= \/%:Ug/Q_le_IO/Q [(11) + (I2) + (IS)L

where (I7) contains the integral from 0 to ct, (I2) contains that from ct to
x0/v/2n and (I3) contains that from z¢/v/2n to infinity. We will determine
the constant ¢ > 0 later.

Consider (I1). From the Taylor expansion, log(1+a) = a—a?/2+0(a?) for
small a. Moreover, n/zg = 1 —+/2nt/xo+O(t?/n), 1o = O(n) and y = O(t).
As a result, for 0 < y < ct, by simple calculations,

(n/2 —1)log(1+ \/ﬁy/azo) — \/%y/Z = —ty —y*/2+ O(t3/\/n).

Noting that e* = 14+ O(a) for small a, so (1) is equal to OCt etV 2y [14
O(t3/\2/ﬁ)]_. By direct calculation, fOCt e*ty*yz_ﬂdy = ¢t’/2 ft(Hc)f eV 2y =
2met’ 12[D(t) — ((1+c)t)]. By Mills’ ratio, ®(t) = L,p~? and ®((1+c)t) =
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{Jpp_(1+c)2q. Therefore, when c is chosen large enough, ®((1 + ¢)t) = o(1) -
O (t)Lyn~ /2. Tt follows that

(D.60) (L) = V2re 2o (t) (1 + L,//n).

Consider (I5). Since log(1 + a) — a < a?/4 for a € [0,1], when ¢t < y <

z0/V2n,
(n/2 = 1)log(1 + V2ny/x0) — V2ny/2 = —ty — y* /4 + O(taj/(v/n)?)

As a result, (Ip) < (1+ L,n~Y/?) [ e vt=v*/4dy where [ e Vv /Ady =
Qﬁetzfi)((c +2)t/V?2) = et2/2Lp\/ﬁp*[(c+2)2/2’1]q. By choosing ¢ appropri-
ately large, we have

(D.61) (I) = o(1) - e’ 2L,n /2.
Consider (I3). Since log(1 4 a) <t for all a« > 0, when ¢t > xo/v/2n,
(n/2 —1)log(1l + V2ny/zo) — V2ny/2 < —(n/zo)ty < —ty/2.

It follows that (I3) < f;;)/\/% e~y = (2/t)e~w0/ (1) = o(1)-e!*/2L,n"1/2,
Combining the above results for (I1)-(I3), we obtain that

2y/mnag/> e ro/2H2
21/2T(n/2)

mo = Ro(t)-®(t)(1+Lyn~Y?),  where Ry(t)

We plug in 29 = n++/2nt and rewrite Ry, (t) = %%2;/2 (14+t/2/n) M2 —ty/n/24+12/2
Note that by Taylor expansion, log(1+a) = a—a?/2+0(a?) for a = t\/2/n.
Therefore, we have R, (t) = %% exp {O(t3/\/n)} = 1+ Lyn~Y2
This gives

mo = ®(¢)(1+ Lpnfl/z).

Next, we compute ;. Define

(Z(l) — \/ﬁTP>2’ W = zn:ZQ(i).
1=2

Then 7 and W are independent; furthermore, W has a x2_; distribution.
We rewrite

m=E [P (M\//zln” > (V@ — Vi)/2log(p)
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For a constant ¢ > 0 to be determined, let B; be the event that |z(1)| <
V/2clog(p). Then P(B§) = Lpp~°. Over the event By, 7 = r + Lyn~ /4.
When r > g, utilizing the results for my, we get

m = ((Vr = g+ o(1)y/21og(p)) (1 + Lyn /) + Lyp™°
= 1 — Lpp_(\/;_\/q)Q + Lpp—c'

When r < q.

m = Ci((\/a —\r+ Lpn_1/4) 210g(p)) (1+ Lpn_l/Q) + L,p~©

= ®((v/q — vr)v/2log(p)) (1 + Lyn~/*) + Lyp°.
We choose c large enough so that L,p~¢ is always dominated by any other
term. This gives the claim for 7. O
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